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Résumé / Abstract 
 

Nous étudions la biodiversité dans un cadre d'options réelles où les ressources sont substituables. 
Comment optimiser les décisions de conservation quand toute perte de biodiversité est irréversible et les 
valeurs futures incertaines? Nous montrons que la substituabilité, normalement considérée comme 
réduisant la valeur d'une espèce, est en fait source de valeur. La valeur marginale est décroissante dans Ie 
nombre d'espèces mais croissante et convexe dans la valeur de l'espèce marginale. Pour un modèle 
homogène à deux espèces, nous montrons également que la volatilité est un facteur d'augmentation de la 
valeur de la biodiversité, tandis que la corrélation réduit tant la valeur totale que la valeur marginale des 
espèces. Ce rôle de la corrélation entre valeur d'une espèce et valeur des autres espèces rappelle celui du 
Beta des actifs financiers. De même qu'un actif au Beta négatif tire de la valeur du fait qu'il permet de 
s'assurer contre les fluctuations du marché, une espèce dont la valeur tend à évoluer en sens inverse de 
celle de l'espèce en exploitation vaut plus du fait qu'elle a plus de chances de se substituer à cette dernière 
si celle-ci perd de la valeur. 

 
We evaluate biodiversity in a real options framework, when the resources in use are substitutable. We 
examine optimal conservation decisions given that a biodiversity loss is irreversible and that future use 
values are uncertain. While species substitutability is generally believed to reduce the value of diversity, 
we show that the flexibility associated with substitutability is a source of value. Marginal species value is 
decreasing in the number of species, but rising and convex in the value of the marginal species. As we 
show in the two-species homogenous model, increased volatility raises biodiversity value, and a positive 
correlation between species values both reduces the value of the pool of species and the value of 
biodiversity. The role played by the correlation between the value of a species and the value of other 
species, is reminiscent of the Beta of a financial asset. Just like an asset with a negative Beta derives 
additional value by providing insurance against fluctuations in the market portfolio, a species whose 
value tends to move in the opposite direction as the species in use derives additional value from its higher 
probability to be available for substitution if the value of the species in use diminishes. 
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4 Lqwurgxfwlrq

Elrglyhuvlw| lv wkh wrwdo ydulhw| ri olih rq hduwk1 Elrorjlfdo glyhuvlw| pd| dovr uh hfw wkh

udqjh ri vshflhv dw d vlwh/ wkh vl}h ri wkh jhqh srro/ ru wkh qxpehu ri hfrv|vwhpv rq wkh

sodqhw1 H{wlqfwlrq lv d qdwxudo skhqrphqrq wkdw lv sduw ri wkh hyroxwlrqdu| f|foh ri

vshflhv1 Krzhyhu/ e| wkh h{whqvlrq dqg ghyhorsphqw ri kxpdq dfwlylw|/ pdq*v dfwlrqv

kdyh ehfrph d fdxvh ri qdwxudo uhvrxufhv ghsohwlrq dqg hqylurqphqw ghwhulrudwlrq1 Frq0

vhtxhqwo|/ wkhuh lv frqvlghudeoh lqwhuhvw lq dqdo|}lqj dqg dvvhvvlqj wkh ydoxh ri elrorjlfdo

glyhuvlw|1 Lq wklv sdshu zh lpsuryh rq suhylrxv frqwulexwlrqv lq wzr zd|v1 Iluvw zh

dsso| iru wkh �uvw wlph uhdo rswlrqv whfkqltxhv wr glyhuvlw| dqg pdujlqdo glyhuvlw|/ wkdw

lv wr vlwxdwlrqv zkhuh vhyhudo vshflhv lqwhusod|/ udwkhu wkdq rqh vshflhv rqo|1 Vhfrqg

zh vkrz wkdw/ dqg h{sodlq zk|/ vshflhv vxevwlwxwdelolw| pd| eh d vrxufh ri ydoxh iru

elrglyhuvlw|/ frqwudu| wr d zlghvsuhdg eholhi1

Wkh frqfhsw ri Wrwdo Hfrqrplf Ydoxh/ dv ghyhorshg lq wkh olwhudwxuh dqg dgrswhg

e| wkh Xqlwhg Qdwlrqv +Prudq dqg Edqq/ 5333,/ pdnhv d glvwlqfwlrq ehwzhhq gluhfw

xvh ydoxhv +surgxfwlrq dqg frqvxpswlrq,/ lqgluhfw xvh ydoxhv +hfrv|vwhpv vwdelolw| dqg

vxuylydo,/ h{lvwhqfh ydoxh +lqwulqvlf ydoxh ri qdwxuh,/ dqg rswlrq ydoxhv +srwhqwldo ixwxuh

xvhv,1 Dfwxdoo| dq| ri wkh �uvw wkuhh irupv ri ydoxh pd| lqfoxgh xqnqrzq ixwxuh frp0

srqhqwv dqg txdoli| dv rswlrq ydoxh/ wkh pdlq lqjuhglhqw wr wkh qrwlrq ri rswlrq ydoxh

ehlqj wkh luuhyhuvlelolw| ri d fkdqjh1

Wkh pdlq irfxv ri wkh olwhudwxuh rq elrglyhuvlw| ydoxdwlrq lv wr hvwdeolvk dq hfrqrplf

edvlv iru suhvhuydwlrq e| srlqwlqj rxw wr lwv ehqh�wv1 Pdq| gl!fxowlhv dulvh1 Lqwhugh0

shqghqflhv ehwzhhq vshflhv dqg wkhlu hfrorjlfdo ixqfwlrqv zlwklq dq hfrv|vwhp duh qrw

zhoo xqghuvwrrg +Qruwrq 4<;;,1 H{lvwhqfh ydoxhv duh lqkhuhqw wr shrsoh*v suhihuhqfhv

dqg khqfh wr wkhlu zloolqjqhvv wr sd| +Prudq dqg Edqq 5333,1 Zlwk uhjdug wr srwhqwldo

xvh ydoxhv/ rswlrq ydoxdwlrq uhtxluhv wkh lghqwl�fdwlrq ri vshflhv dqg wkhlu srvvleoh xvhv

dv zhoo dv wkh dvvhvvphqw ri wkh olnholkrrg ri ixwxuh xvh glvfryhulhv1

Zhlw}pdq +4<<6, vkrzv krz glyhuvlw| wkhru| fdq eh xvhg rshudwlrqdoo| lq wkh dqdo|vlv

ri frqvhuydwlrq srolflhv1 Xvlqj wkh h{dpsoh ri fudqhv/ kh gh�qhv glyhuvlw| dv d phdvxuh
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ri jhqhwlf gl�huhqfhv +glvwdqfhv, ehwzhhq vshflhv1 Wkh ydoxh ri pdujlqdo glyhuvlw| lv

wkhq wkh ydoxh ri lpsurylqj vxuylydo suredelolwlhv iru wkh gl�huhqw vshflhv1 Rxu srlqw ri

ylhz lv uhodwhg h{fhsw wkdw wkh irfxv lv rq wkh vxuylydo ri wkh jrrg ru vhuylfh surylghg

e| wkh vshflhv udwkhu wkdq wkh vxuylydo ri wkh vshflhv lwvhoi1

Lqghhg/ dv Vzdqvrq +4<<7,/ zh ylhz elrorjlfdo uhvrxufhv dv sduw ri wkh dvvhw sruwirolr

ri kxpdq vrflhw|1 Wkh ghfolqh ri d vshflhv uhvxowv iurp glvlqyhvwphqw/ e| ryhuh{sorlwd0

wlrq/ uhvrxufh plqlqj/ ru elrglyhuvlw| ghsohwlrq1 Wkh uhdo0rswlrqv dssurdfk wr elrglyhu0

vlw| lqyhvwphqwv lv dqwhulru wr wklv sruwirolr ylhz> Ilvkhu dqg Kdqhpdqq +4<;9, suryhg

wkh h{lvwhqfh ri d suhplxp iurp frqvhuylqj d vshflhv ru d iruhvw iru ixwxuh xvh/ dv orqj

dv wkh ixwxuh ydoxh lv xqfhuwdlq dqg fxuuhqw h{sorlwdwlrq ru frqyhuvlrq lv luuhyhuvleoh1

Uhjdugohvv ri ulvn suhihuhqfhv wkhuh lv d  h{lelolw| suhplxp lq ghod|lqj dq| surmhfw wkdw

frqyhuwv d qdwxudo hqylurqphqw luuhyhuvleo|1 Lq d vlplodu uhdo0rswlrqv frqwh{w/ Zhvvhohu

+4<<<, �qgv dq hfrqrplf mxvwl�fdwlrq wr wkh Hxurshdq Xqlrq ghflvlrq ri srvwsrqlqj

wkh uhohdvh ri wudqvjhqlf fursv/ dv wkh surmhfw kdv xqfhuwdlq ixwxuh gluhfw ehqh�wv dqg

xqfhuwdlq dqg luuhyhuvleoh frvwv lq whupv ri elrglyhuvlw| orvv1

Wkhvhv dssurdfkhv wr srolf| ru ghflvlrq pdnlqj uhtxluh wkh txdqwl�fdwlrq ri elrglyhu0

vlw| ydoxh1 Wkhuh lv dq h{whqvlyh olwhudwxuh rq gluhfw xvh ydoxh/ riwhq irfxvlqj rq uhvhdufk

iru wkh ghyhorsphqw ri qhz pdunhwdeoh surgxfwv/ skdupdfhxwlfdo surgxfwv lq sduwlfxodu1

Wkhvh vwxglhv srlqw wr wkh hfrqrplf uhohydqfh ri xvh ydoxh dqg/ khqfh/ ri elrglyhuvlw|1

Krzhyhu/ dv Iurpp +5333, vkrzv/ wkh udqjh ri ydoxdwlrqv dqg phwkrgrorjlhv lv txlwh

zlgh14 Dq lpsruwdqw txhvwlrq lv vxevwlwxwdelolw|= li d vshflhv fdq eh vxevwlwxwhg iru/ lw

lv qrw xqltxh dqg lw vhhpv qdwxudo wkdw lwv ydoxh vkrxog eh orzhu wkdq li lw zdv xqltxh1

Vlpsvrq hw do +4<<9,/ dqg Fudiw dqg Vlpsvrq +5334,/ frqvlghu vxevwlwxwlrq srvvlelo0

lwlhv dprqjvw vshflhv lq d elrsurvshfwlqj prgho1 D vshflhv ydoxh ghshqgv qrw rqo| rq

wkh suredelolw| wkdw lw hyhqwxdoo| |lhogv d vxffhvvixo frpphufldo surgxfw/ exw dovr rq wkh

olnholkrrg wkdw rwkhu vshflhv fdq/ ru fdqqrw/ ohdg wr wkh ghyhorsphqw ri wklv surgxfw1

Wkh ydoxh ri wkh pdujlqdo vshflhv ghfuhdvhv zlwk wkh qxpehu ri vshflhv dqg lqfuhdvhv

4Iurpp +5333, uhsruwv wkdw vshflhv ydoxhv duh uhodwlyho| orz zkhq wkh| duh edvhg rq survshfwlrq

frvwv dqg kljkhu zkhq edvhg rq pdunhw ru vrfldo ydoxhv ri hyhqwxdo surgxfwv1

5



zlwk wkh suredelolw| ri vxffhvv1 D vlplodu srlqw lv pdgh e| Iurpp +5333, zkr dujxhv

wkdw frqvlghulqj wkh surgxfwlrq ydoxh ri vshflhv uhgxfhv wkh vhw ri vshflhv ixqfwlrqv wr

wkrvh uhodwhg wr sduwlfxodu xvhv/ wkxv uhgxflqj wkh ydoxh ri pdujlqdo vshflhv1 Doo wklv

uhvxowv lq zhdn lqfhqwlyhv iru frqvhuydwlrq1 Udxvvhu dqg Vpdoo +5333, lqwurgxfhg wkh

frqfhsw ri lqirupdwlrq uhqwv lq elrsurvshfwlqj1 Jlyhq dssursuldwh lqvwlwxwlrqv wkhvh

uhqwv surwhfw elrglyhuvlw|1 Krzhyhu/ khuh djdlq/ wkh pdjqlwxgh ri wkh uhqwv ghshqgv rq

wkh ghjuhh ri gl�huhqwldwlrq ru vxevwlwxwdelolw| ehwzhhq vshflhv1

Rqh pdmru frqfhuq ri wklv sdshu lv wr fkhfn zkhwkhu surgxfwlrq vxevwlwxwdelolw|

qhfhvvdulo| uhgxfhv jurxqgv iru frqvhuydwlrq ru zkhwkhu/ rq wkh frqwudu|/ wklv pljkw qrw

eh d vrxufh ri ydoxh1 Zh frqvlghu d srro ri vshflhv fkdudfwhul}hg e| wkhlu delolw| wr

surgxfh d vshfl�f jhqh/ ru d sduwlfxodu sulqflsoh ri lqwhuhvw1 Doo vshflhv zlwklq wkdw

srro duh shuihfwo| vxevwlwxwdeoh lq wkdw uhvshfw dqg fdq frqwulexwh wr wkh surgxfwlrq ri

d sduwlfxodu jrrg/ d phglfdwlrq iru h{dpsoh/ ru d sduwlfxodu vhuylfh1 Xqghu fhuwdlqw|/

vlqfh wkh vshflhv duh shuihfw vxevwlwxwhv/ rqo| rqh vshflhv/ wkh prvw frqyhqlhqw rqh/ lv

qhhghg dw dq| wlph> doo rwkhu vshflhv lq wkh srro duh ohiw xqxvhg1 Wklv lv wkh vlwxdwlrq

xqghu zklfk wkh deryh olwhudwxuh fodlpv wkdw glyhuvlw| lq wkh srro lv ydoxhohvv15 Wkh

vdph ydoxh lv surgxfhg li rqo| rqh vshflhv h{lvw dv li pdq| gr1 Li frqvhuydwlrq lv frvwo|/

doo vshflhv zloo eh doorzhg wr glvdsshdu h{fhsw iru wkh prvw frqyhqlhqw rqh1 Xqghu ulvn

ri h{wlqfwlrq wkh frqfoxvlrq pd| eh gloxwhg vrphzkdw/ exw qrw dowhuhg lq dq| vljql�fdqw

zd|> forvh vxevwlwxwhv/ riwhq vhqvlwlyh wr vlplodu ulvnv/ duh qrw jrrg dv lqvxudqfh srolflhv1

Xqghu xqfhuwdlqw| derxw wkh uhodwlyh delolwlhv ri wkh vshflhv lq wkh srro wr surgxfh

wkh jrrg ru vhuylfh ri lqwhuhvw lq wkh ixwxuh/ wkh vlwxdwlrq lv txlwh gl�huhqw1 Wkh vshflhv

ehvw deoh wr surgxfh wkh jrrg ru vhuylfh pd| fkdqjh ryhu wlph1 Li/ ixuwkhupruh/ glyhuvlw|

orvvhv duh luuhyhuvleoh/ wkhq wkhuh lv d mxvwl�fdwlrq iru nhhslqj dq rwkhuzlvh xvhohvv vshflhv

dolyh ehfdxvh lw pd| ehfrph wkh vshflhv ri fkrlfh lq wkh ixwxuh/ ghvslwh wkh idfw wkdw

lw lv fxuuhqwo| grplqdwhg e| vrph rwkhu vshflhv1 Lq vxfk flufxpvwdqfhv/ d vshflhv wkdw

5Iru d glvvhqwlqj yrlfh/ vhh Gdvjxswd +5333, > zkr srlqwv rxw wkdw �111 wr lqyrnh wkh lghd ri vxe0

vwlwxwdelolw| dprqj qdwxudo uhvrxufhv lq rughu wr sod| grzq wkh xvh ydoxh ri elrglyhuvlw|/ dv shrsoh

iuhtxhqwo| gr +h1j1/ Vlprq 4<;4/ 4<<7,/ lv d zurqj lqwhoohfwxdo pryh1�
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zrxog kdyh qr xvh ydoxh li lw zdv qrw d vxevwlwxwh iru d ydoxdeoh vshflhv ehfrphv ydoxdeoh

suhflvho| ehfdxvh lw lv vxevwlwxwdeoh= rxu uhvxow lv qrw dq dwwhqxdwlrq ri wkh frqyhqwlrqdo

zlvgrp rq wkh lpsdfw ri vxevwlwxwdelolw| rq wkh ydoxh ri elrglyhuvlw|> lw jrhv lq wkh

rssrvlwh gluhfwlrq1

Xqfhuwdlqw| lv suredeo| wkh pdlq lvvxh lq ydoxlqj elrglyhuvlw|1 Lq sduwlfxodu/ vflhq0

wl�f nqrzohgjh rq uhodwlrqvklsv dqg lqwhughshqghqflhv dprqj vshflhv lv lq frqwlqxrxv

hyroxwlrq/ dqg ixwxuh qhhgv ru wdvwhv duh odujho| xqnqrzq1 Wkh prgho suhvhqwhg lq

wklv sdshu grhv qrw fodlp wr eh uhdolvw/ pxfk ohvv wr eh frpsohwh1 Krzhyhu wkhuh lv qr

grxew wkdw wkh w|sh ri ydoxh +xvh ydoxh, dqg wkh w|sh ri xqfhuwdlqw| +derxw wkh uhodwlyh

xvh ydoxhv ri vshflhv, wkdw zh lqwurgxfh duh suhvhqw lq prvw vlwxdwlrqv lqyroylqj elrgl0

yhuvlw| hydoxdwlrq dqg ghflvlrqv1 Wkhuh duh fohduo| rwkhu dvshfwv wr wkh hydoxdwlrq ri

elrglyhuvlw|/ exw wkh srlqw wkdw zh duh pdnlqj lv qhfhvvdulo| rqh ri wkhp1

Rswlrq ydoxhv lq hqylurqphqwdo hfrqrplfv kdyh d klvwru| wkdw gdwhv edfn wr Khqu|

+4<:7,/ dqg Duurz dqg Ilvkhu +4<:7,1 Dowkrxjk lw kdv orqj ehhq fohdu wkdw orvlqj d

vshflhv lpsolhv orvlqj dq rswlrq/ wkh lqqrydwlrq lq wklv sdshu lv wkdw zh duh fkdudfwhul}lqj

dq rswlrq prgho lqyroylqj d uhodwlrqvkls ehwzhhq vshflhv/ udwkhu wkdq d vlqjoh vshflhv1

Zkloh wkh prgho wkdw zh duh deoh wr vroyh dqdo|wlfdoo| lv uhvwulfwhg wr wzr vshflhv dqg

lqyroyhv vshfldo dvvxpswlrqv/ lwv vroxwlrq lv lqvwuxfwlyh erwk iurp dq hfrqrplf dqg iurp

d phwkrgrorjlfdo srlqw ri ylhz1 Lq idfw wkh vroxwlrq wr wkh pruh jhqhudo yhuvlrq ri wkh

prgho wkdw zh vroyh qxphulfdoo| uhwdlqv vhyhudo ihdwxuhv ri wkh dqdo|wlfdo vroxwlrq1 Lq

sduwlfxodu wkh ghflvlrq uxoh zkhwkhu wr frqvhuyh d vshflhv ru doorz lw wr glvdsshdu grhv

qrw lqyroyh d fulwlfdo ydoxh ri wkh vshflhv exw d fulwlfdo orfxv wkdw ghshqgv rq wkh rwkhu

vshflhv1 D vshflhv zloo rqo| eh doorzhg wr glvdsshdu li lw lv qrw olnho| wkdw lw zloo vrrq

ehfrph wkh grplqdqw vshflhv> wklv ghshqgv rq krz forvh lw lv wr wkh rwkhu vshflhv dqg/

lq jhqhudo/ wkh uhodwlyh srvlwlrq ri wkh vshflhv fkdqjhv ryhu wlph1

Lq wkh qh{w vhfwlrq zh vshfli| d jhqhudo iudphzrun iru d uhdo rswlrqv prgho ri elr0

glyhuvlw| hydoxdwlrq1 Vlpsoli|lqj dvvxpswlrqv duh pdgh dqg d prgho lv ghyhorshg dqg

uhvroyhg dqdo|wlfdoo| lq Vhfwlrq 61 Lq Vhfwlrq 7 zh uhohdvh vrph uhvwulfwlyh dvvxpswlrqv

dqg suhvhqw wkh uhvxowv ri d qxphulfdo hydoxdwlrq ri elrglyhuvlw| dv zhoo dv d ghvfulswlrq
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ri wkh ghflvlrq uxohv1 Zh frqfoxgh lq wkh odvw vhfwlrq1

5 D jhqhudo prgho wr hydoxdwh elrglyhuvlw|

D vshflhv* ydoxh uhvxowv iurp lwv surgxfwlrq ru xvh ydoxh1 Zh gh�qh d srro ri vshflhv

e| wkh frqglwlrq wkdw vshflhv lq wkh srro duh shuihfwo| vxevwlwxwdeoh lq wkhlu xvh1 Wkh|

duh dovr frvwo| wr frqvhuyh dqg dq| orvv ri vshflhv lv luuhyhuvleoh> zh ljqruh wkh srvvleoh

dssdulwlrq ri qhz vshflhv rq wkh jurxqg wkdw lw rffxuv rq d orqjhu wlph vfdoh1

Wkh ghflvlrq0pdnhu/ fdoo khu *vrflhw|*/ ehqh�wv iurp d vshfl�f vhuylfh wkdw fdq eh

surylghg e| hdfk ri wkh ? dydlodeoh vshflhv> vlqfh wkh vshflhv duh shuihfwo| vxevwlwxwdeoh/

rqo| rqh/ wkh rqh zklfk lv prvw ydoxdeoh dw wkh wlph/ lv sxw lqwr xvh dw dq| wlph1 Wkh

ydoxh ��� ri wkh vhuylfh lv lqkhuhqw wr vshflhv �1 Fxuuhqw ydoxhv ��� duh revhuydeoh exw ixwxuh

ydoxhv duh xqfhuwdlq1 Iru h{dpsoh/ d }rr pljkw kdyh d vsrw iru hohskdqwv1 Wzr vshflhv

ri hohskdqwv h{lvw= elj hohskdqwv � dqg vpdoohu rqhv � exw dw dq| wlph rqo| rqh vshflhv

fdq eh vkrzq1 Dw wlphv zkhuh elj hohskdqwv duh lq ghpdqg +��� : ���,/ elj hohskdqwv

zloo eh h{klelwhg e| wkh }rr> zkhq vpdoo hohskdqwv duh idvklrqdeoh +��� 	 ���,/ vpdoo

hohskdqwv zloo eh vkrzq1 Pruh uhdolvwlfdoo| rqh pd| wklqn ri wkh pdlq dfwlyh sulqflsoh

lq d phglfdwlrq dv ehlqj srwhqwldoo| surylghg e| vhyhudo vshflhv/ zlwk rqo| wkh fxuuhqwo|

suhihuuhg vshflhv ehlqj lq xvh dw dq| rqh wlph/ shukdsv ehfdxvh wkh sulqflsoh lv fkhdshu

wr h{wudfw iurp wkdw vshflhv/ ru ehfdxvh lwv orfdwlrq lv pruh idyrudeoh1 Krzhyhu/ vkrxog

wkh vlwxdwlrq fkdqjh dqg dqrwkhu vshflhv ehfrph suhihudeoh/ vxevwlwxwlrq lv frvwohvv dqg

wkh qhzo| suhihuuhg vshflhv ehfrphv wkh rqh xvhg lq suhsdulqj wkh phglfdwlrq1

Lqirupdwlrq rq vshflhv hyroyh ryhu wlph/ pdnlqj ixwxuh ydoxhv xqfhuwdlq1 Zh dvvxph

wkdw wkh ydoxh ��� ri vshflhv � iroorzv d jhrphwulf Eurzqldq prwlrq/ zlwk frqvwdqw guliw

k� dqg yduldqfh j2

� _|=

_��� ' k����_|n j����_5�/

zkhuh _5� lv wkh lqfuhphqw ri d Zlhqhu surfhvv1 Dvvxplqj d Eurzqldq jhrphwulf prwlrq

lv qrw vlpso| d pdwwhu ri frqyhqlhqfh khuh/ exw suredeo| wkh ehvw vlpsoh dowhuqdwlyh=

8



wkh ydoxh fdqqrw eh qhjdwlyh dqg/ dv zlwk zhdowk ru zlwk ixwxuh nqrzohgjh/ wkhuh lv qr

sduwlfxodu irufh wkdw zrxog pdlqwdlq lw dw/ ru wdnh lw edfn wr/ dq| sduwlfxodu ohyho16 Lq

jhqhudo vrph vrxufhv ri xqfhuwdlqw| ryhu ixwxuh ydoxhv pd| eh frpprq wr vshflhv> iru h{0

dpsoh li d phglfdwlrq ehfrphv kljko| ydoxhg/ doo wkh vshflhv surylglqj lwv pdlq sulqflsoh

zloo suredeo| lqfuhdvh lq ydoxh1 Zh fdoo 4�� wkh fruuhodwlrq frh!flhqw= .E_5�_5�� ' 4��_|1

Li wkh ghflvlrq0pdnhu zdqwv wr nhhs rshq wkh rssruwxqlw| ri xvlqj elrglyhuvlw| dvvhwv

iru suhvhqw ru ixwxuh xvh/ vkh pxvw ghyrwh uhvrxufhv wr wkhlu pdlqwhqdqfh1 Zh prgho

frqvhuydwlrq h{shqglwxuhv dv d frqwlqxrxv qrq vwrfkdvwlf frvw � E���� wkdw fdq eh lqwhu0

uxswhg dw dq| wlph> li wkh h{shqglwxuh lv lqwhuuxswhg/ wkh vshflhv glvdsshduv luuhyhuvleo|1

Zh fdoo �� � ��� wkh ydoxh ri vshflhv � zkhq lw lv lq h{lvwhqfh/ dqg zh vhw �� ' f zkhq

wkh vshflhv lv h{wlqfw/ zlwk � Ef� ' f1 Wkxv/ dw dq| wlph |/ wkhuh duh ? E|� � � h{lvwlqj

vshflhv zkrvh ydoxh lv vwulfwo| srvlwlyh/ dqg � �? E|� h{wlqfw vshflhv zkrvh ydoxh lv }hur/

zkhuh ? E|� dqg � duh lqwhjhuv dqg � lv wkh lqlwldo qxpehu ri vshflhv1

Dw dq| lqvwdqw/ wkh ghflvlrq0pdnhu pd| ghflgh wr olplw wkh glyhuvlw| ri wkh vhw ri

vshflhv/ wkhuhe| uhgxflqj frqvhuydwlrq frvwv dqg fdxvlqj wkh luuhyrfdeoh ghsohwlrq ri

elrglyhuvlw|1 Wkh ghflvlrq wr ohw d vshflhv glvdsshdu e| fxwwlqj lwv frqvhuydwlrq h{shqgl0

wxuh lpsolhv orvlqj wkh rswlrq wr pdnh xvh ri lw lq wkh ixwxuh1 Wklv lv dq rswlpdo vwrsslqj

sureohp lq frqwlqxrxv wlph zlwk ? E|� vwrfkdvwlf vwdwh yduldeohv> ? E|� lv ghwhuplqhg e|

sdvw frqvhuydwlrq ghflvlrqv1 Dw doo gdwhv/ wkh ghflvlrq0pdnhu frpsduhv wkh qhw h{shfwhg

ydoxh ri suhvhuylqj wkh ? E|� uhpdlqlqj vshflhv zkloh xvlqj wkh prvw ydoxdeoh rqh/ wr wkh

h{shfwhg ydoxh rewdlqhg li rqh ru pruh ri wkh ? E|��� xqh{sorlwhg vshflhv lv dedqgrqhg1

Hdfk vwdwh lv ghvfulehg e| d ohdglqj vshflhv � E� 5 i����? E|�j� dqg/ E? E|� � �� vshflhv �

E� 9' �� zkrvh vxuylydo vwdwxv pxvw eh fkrvhq1

Wkh fxpxodwhg h{shfwhg uhwxuq iurp xvlqj vshflhv � ryhu dq lq�qlwh wlph krul}rq

lv .|

U
"

|
e3oEr3|��� Er� _r zkhuh o lv d glvfrxqw udwh1 Ohw �| ' 4@ i�� E|�j( vlqfh lw lv

srvvleoh wr vzlwfk vshflhv lq vxfk d zd| dv wr h{sorlw wkh prvw ydoxdeoh rqh dw dq| wlph/

6D jrrg frpsdulvrq lv zhdowk/ zkrvh ohyho lv qrw olplwhg lq lwv jurzwk e| vxfk idfwruv dv/ vd|/

surgxfwlrq frvwv/ xqolnh wkh sulfh ri d jrrg1
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wkh h{shfwhg qhw suhvhqw ydoxh iurp xvlqj wkh zkroh vhw ri vshflhv lv

8 E�� E|� c ���c �� E|�� '

4@ 
U�E|�Mtfc��

.|

+] "

|

e3oEr3|�� Er� _r Er��
�[
&'�

] "

|

e3oEr3|�� E�� Er�� _r m ��
�
|n
�
' U� E|� �� E|�

,

+4,

zkhuh wkh vhfrqg whup rq wkh uljkw0kdqg vlgh dffrxqwv iru fxpxodwlyh glvfrxqwhg frvwv

ri pdlqwhqdqfh frvwv1 Wkh ghflvlrq wr ohw vshflhv � glvdsshdu dw gdwh | fruuhvsrqgv

wr vhwwlqj U� E|� ' f> wkhuhdiwhu/ �� Er� c r : |/ uhpdlqv htxdo wr }hur dqg vr grhv wkh

dvvrfldwhg pdlqwhqdqfh frvw1 Dowkrxjk/ dw dq| wlph |/ wkh U� E|� yhfwru kdv � hohphqwv/

wkh fkrlfh lv rqo| uhohydqw lq wkh fdvh ri qrq h{wlqfw vshflhv= zkhq d vshflhv lv douhdg|

h{wlqfw/ vhwwlqj U� E|� ' f ru � grhv qrw pdnh dq| gl�huhqfh vlqfh �� Er� uhpdlqv htxdo

wr }hur wkhuhdiwhu dq|zd|1

Xqghu v|pphwu| +k� ' k> j� ' j, dqg shuihfw fruuhodwlrq E4�� ' ��c wkh sureohp

uhgxfhv wr wkh fodvvlf uhdo rswlrqv prgho +Ilvkhu dqg Kdqhpdqq +4<;:,/ Khqu| +4<:7,,1

Lqghhg/ wkh ghflvlrq0pdnhu zrxog rqo| frqvlghu suhvhuylqj wkh lqlwldoo| grplqdqw vshflhv1

Vkh grhv qrw h{shfw dq| fkdqjh lq uhodwlyh dgydqwdjhv ehwzhhq dydlodeoh vshflhv vr

wkdw doo vshflhv exw wkh grplqdqw rqh duh ydoxhohvv/ lpso|lqj wkdw glyhuvlw| lv ydoxhohvv1

Wklv lv wkh frqwh{w xqghu zklfk Vlpsvrq hw do +4<<9, revhuyh wkdw shuihfw vxevwlwxwlrq

dqqlklodwhv glyhuvlw| ydoxh= qrw rqo| pxvw shuihfw vxevwlwxwlrq eh srvvleoh> wkh suhihuuhg

vshflhv pxvw dovr eh wkh vdph iruhyhu1

Wkh pdlq irfxv ri wklv zrun lv rq ydoxlqj elrglyhuvlw| dqg ghwhuplqlqj wkh vwuhqjwk

ri frqvhuydwlrq lqfhqwlyhv zkhq vshflhv duh shuihfwo| vxevwlwxwdeoh1 Wr pdnh wkh dqdo|0

vlv wudfwdeoh dqg uljrurxv/ zh �uvw frqfhqwudwh rq d vlpsol�hg prgho zklfk dgplwv dq

dqdo|wlfdo vroxwlrq1 Wkhq zh uhohdvh vrph ri wkh vlpsoli|lqj dvvxpswlrqv dqg vroyh wkh

qhz prgho e| qxphulfdo phwkrgv1 Zh �qg wkdw wkh pdlq lqwxlwlrqv ri wkh vlpsol�hg

prgho fduu| rxw wr wkh pruh jhqhudo rqh1

:



6 D vlpsol�hg wzr vshflhv krprjhqrxv prgho

Wkh udqjh ri dydlodeoh elrglyhuvlw| frpsrqhqwv lv qduurzhg wr � ' 21 Lw lv dovr dvvxphg

wkdw wkh surfhvvhv jryhuqlqj vshflhv duh v|pphwulfdo> zkhq wkh vshflhv duh lq h{lvwhqfh/

_��

��

' k_|n j_5� c � ' �c 2 +5,

zlwk 4
�2
' 41

Ixuwkhupruh/ zh dvvxph wkdw wkh frvw �� ri pdlqwdlqlqj vshflhv � lv sursruwlrqdo wr

lwv xvh ydoxh ��= �� ' &�� zlwk & 	 �1 Dw dq| wlph | zkhq erwk vshflhv h{lvw/ wkh ghflvlrq

pdnhu h{sorlwv wkh grplqdqw vshflhv � +�� : �� > �c � 5 i�c 2j, dqg uhfhlyhv d fxuuhqw qhw

uhwxuq ���&���&��1 Sursruwlrqdolw| ri frqvhuydwlrq frvwv lpsolhv krprjhqhlw| ri ghjuhh

rqh ri ydoxh ixqfwlrqv/ dv zh zloo yhuli| ehorz1

Wkh ghflvlrq0pdnhu pxvw ghflgh zkhwkhu wr frqwlqxh vshqglqj iru wkh suhvhuydwlrq ri

wkh fxuuhqwo| xqsurgxfwlyh vshflhv ru wr h{huflvh wkh rswlrq wr glvlqyhvw1 Li elrglyhuvlw|

lv pdlqwdlqhg/ wkh ghflvlrq0pdnhu krogv wkh rswlrq wr fkdqjh wkh vshflhv lq xvh dw dq|

ixwxuh wlph li wkh suhydlolqj vwdwh ri grplqdqfh lv uhyhuvhg1 Qrwh wkdw zlwk & 	 �/

dw ohdvw rqh vshflhv lv dozd|v frqvhuyhg> wklv lv qrw vr lq wkh fdvh zlwk frqvwdqw frvwv

h{dplqhg ixuwkhu ehorz1

E| v|pphwu| wkh vdph ydoxh ixqfwlrq dssolhv zkhwkhu vshflhv � ru vshflhv 2 kdv ehhq

doorzhg wr jr h{wlqfw= T E�2 E|�� ' 8 Efc �2 E|�� +T E�� E|�� ' 8 E�� E|� c f� , zlwk=

T E�� E|�� ' .|

]
"

|

e3oEr3|�E�� &��� Er� _r

'

;?
=

E�3&�
o3k

�� E|� li o : k

4 li o � k
+6,

Zh zloo irfxv rq wkh fdvh o : k wr dyrlg whglrxv dqdo|vhv ri dowhuqdwlyh fdvhv1

Zkhq erwk vshflhv frh{lvw/ wkh h{shfwhg qhw suhvhqw ydoxh ri fxpxodwhg sd|r�v

8 E��c �2� pd| eh wkrxjkw ri dv wdnlqj wzr dowhuqdwlyh irupv= 8�E��c �2�/ dsso|lqj zkhq

�� � �2> dqg 82E��c �2�/ dsso|lqj lq wkh dowhuqdwlyh fdvh> uhyhuvdov pd| kdsshq vhyhudo

wlphv gxulqj wkh shulrg zkhq erwk vshflhv frh{lvw1 Gxulqj d wlph lqwhuydo zkhuh �� � �2/

;



vshflhv � lv lq xvh dqg erwk vshflhv duh pdlqwdlqhg vr wkdw

8�E��c �2� ' EE�� &��� � &�2� _|n .|ie
3oE|n_|�8�E�� n _��c �2 n _�2�j

vxemhfw wr E2�/ � ' �c2 +7,

Wkh sureohp lv v|pphwulf/ vr zh fdq vroyh +7, dqg wuhdw wkh fdvh zkhuh vshflhv 2

grplqdwhv e| v|pphwu|1

Wkh Ehoopdq htxdwlrq lv

o8�E��c �2�_| ' EE� � &��� � &�2� _|n . d_8�o 1 +8,

H{sdqglqj wkh h{shfwdwlrq whup lq ED�/ xvlqj Lwr*v Ohppd dqg vxevwlwxwlqj htxdwlrq

+5, iru _�� dqg _�2/ zh jhw wkh iroorzlqj vhfrqg0rughu sduwldo gl�huhqwldo htxdwlrq lq ��

dqg �21

j2

�
�2�
2

Y28�

Y�2�
n

�22
2

Y28�

Y�22
n 4���2

Y28�

Y��Y�2

�

n k

�
��
Y8�

Y��
n �2

Y8�

Y�2

�
� o8� n EE�� &��� � &�2� ' f1 +9,

Htxdwlrq +9, fdswxuhv wkh g|qdplf uhodwlrqvkls ehwzhhq wkh vwdwh yduldeohv �� dqg �2

dqg pxvw eh vdwlv�hg e| 8�E��c �2� zkhq erwk vshflhv duh lq h{lvwhqfh dqg vshflhv �

grplqdwhv1

Htxdwlrq +9, dgplwv d sduwlfxodu vroxwlrq 8
R

� E��c �2� ' E �3&
o3k

�� �
&

o3k
�2� zklfk lv

krprjhqrxv ri ghjuhh 4 lq �� dqg �21 Frpsohphqwdu| vroxwlrqv 8 S
� E��c �2� ri wkh kr0

prjhqrxv sduw ri htxdwlrq +9, pxvw vdwlvi|

j2

�
�2�
2

Y28 S
�

Y�2�
n

�22
2

Y28 S
�

Y�22
n 4���2

Y28 S
�

Y��Y�2

�
n k

�
��

Y8 S
�

Y��
n �2

Y8 S
�

Y�2

�
� o8 S

� ' f +:,

Uhfdoolqj wkh vwuxfwxuh ri wkh sureohp/ dq lqfuhdvh lq �� dqg �2 ri wkh vdph sursruwlrq

lqgxfhv sursruwlrqdo lqfuhdvhv lq surgxfwlrq uhwxuqv dqg frqvhuydwlrq frvwv1 Khqfh/ dq|

jhqhudo vroxwlrq lv krprjhqrxv ri ghjuhh rqh lq �� dqg �2> Frqvhtxhqwo|/ vlqfh jhqhudo

vroxwlrqv pxvw eh wkh vxp ri d sduwlfxodu vroxwlrq/ krprjhqrxv khuh/ dqg frpsohphqwdu|

vroxwlrqv/ dq| frpsohphqwdu| vroxwlrq pxvw eh krprjhqrxv ri ghjuhh rqh dv zhoo1 Wkxv

<



8 S
� pd| eh zulwwhq=

8 S
� E��c �2� ' �2}�ET2� zlwk T2 '

��

�2
�

Lw lv fohdu wkdw wkh ghflvlrq uxoh ghshqgv rq wkh udwlr ��
�2

dqg lv krprjhqrxv gh ghjuhh

}hur1 Htxdwlrq +:, ehfrphv=

E� � 4�j2T 2

2

_2}�ET2�

_T 2
2

n Ek � o�}�ET2� ' f� +;,

Dq| vroxwlrq ri EH� lv ri wkh irup ��T
q�
2 n�2T

q2
2 zkhuh �� dqg �2 duh frqvwdqwv wr

eh ghwhuplqhg> wkh frqvwdqwv q� : � dqg q2 	 f duh uhvshfwlyho| wkh srvlwlyh dqg wkh

qhjdwlyh urrwv ri wkh txdgudwlf htxdwlrq q2
� q n k3o

E�34�j2
' f7=

q� '
�

2
	

v
�

e
n

o � k

E�� 4�j2

Dq| frpsohwh vroxwlrq iru +9, lv wkh vxp ri d sduwlfxodu vroxwlrq dqg wkh frpsohphqwdu|

vroxwlrq dqg fdq eh zulwwhq=

8�E��c �2� ' �2

�
��T

q
�

2
n�2T

q
2

2

�
n �2

�
�� &

o � k
T2 �

&

o � k

�
zlwk T2 '

��

�2
+<,

� �2C� ET2� +43,

Wkh vhfrqg whup ehwzhhq uhsuhvhqwv wkh h{shfwhg qhw suhvhqw ydoxh li wkh vwdwxv txr lv

pdlqwdlqhg iruhyhu= xvh dqg pdlqwdlq vshflhv 4 iru hyhu dv lq E�� dqg pdlqwdlq vshflhv

5 iruhyhu dw dq h{shfwhg frvw ri &

o3k
�21 Lw iroorzv wkdw wkh rwkhu whup pxvw dffrxqw iru

wkh wzr rswlrqv dydlodeoh zkhq vshflhv 4 lv lq xvh= vzlwfk wr vshflhv 5 zkhq �2 ryhuwdnhv

��> dqg dedqgrq vshflhv 5 zkhq �2 ehfrphv orz hqrxjk uhodwlyh wr ��1

Wxuqlqj qrz wr vlwxdwlrqv zkhuh vshflhv 2 lv grplqdqw +�2 : ��, dqg erwk vshflhv

duh lq h{lvwhqfh/ doo yduldeohv dqg ixqfwlrqv pd| eh gh�qhg e| v|pphwu|/ dqg wkh vdph

surshuwlhv krog= T� '
�2
��

' �

T2
dqg wkh olqhduo| krprjhqhrxv ydoxh ixqfwlrq 82 lv

82E�2c ��� ' ��

�
��T

q�
�

n�2T
q2
�

�
n ��

�
� � &

o � k
T� �

&

o � k

�
� ��C� ET�� +44,

' �2

�
��T

�3q
�

2
n�2T

�3q
2

2

�
n �2

�
�� &

o � k
�

&

o � k
T2

�

7Uhsodfh j4+y, e| lwv jhqhudo vroxwlrq Dy� lq +;, wr rewdlq d txdgudwlf htxdwlrq lq �1

43



Iru d frpsohwh ghvfulswlrq ri wkh vroxwlrq/ zh qhhg wkh ydoxhv ri �� dqg �2/ dv

zhoo dv wkh wkuhvkrog ydoxhv ri T2c T
W

2
/ zklfk wuljjhuv wkh dedqgrqphqw ri vshflhv 2 +e|

v|pphwu| wkh wkuhvkrog ydoxh ri T� lv �

T
W

2

,1 Zh dovr qhhg wr fkdudfwhul}h wkh wudqvlwlrq

ehwzhhq vlwxdwlrqv zkhuh rqh vshflhv lv grplqdqw dqg vlwxdwlrqv zkhuh wkh rwkhu vshflhv

lv grplqdqw1

614 Dedqgrqphqw uxohv dqg grplqdqfh fkdqjhv

Zkhq �� : ��c frqvhuydwlrq ri vshflhv � lv rswlpdo li �� lv odujhu wkdq wkh fulwlfdo erxqg0

du| �W� E���1 Wklv iurqwlhu vhsdudwhv d zdlwlqj uhjlrq +elrglyhuvlw| frqvhuydwlrq, iurp dq

h{huflvh uhjlrq +elrglyhuvlw| orvv,1 Dv zdv qrwhg deryh/ wkh ghflvlrq ghshqgv rqo| rq

wkh udwlr T� '
��
��
= �W� E��� pxvw eh d vwudljkw olqh vwduwlqj iurp wkh ruljlq1 Wkxv/ iru wkh

dedqgrqphqw ri vshflhv 5/ �W
2
E��� � T W

2
��/ zkhuh wkh frqvwdqw T W

2
ghqrwhv wkh fulwlfdo

olqh vorsh1 Vlploduo|/ iru wkh dedqgrqphqw ri vshflhv 4/ �W
�
E�2� � T W

2
�2c ru �

W

2
E��� '

�

T W

2

��1

Rq wkh fulwlfdo iurqwlhu wkh ydoxh ixqfwlrq 8�E��c ��� pxvw vdwlvi| wkh ydoxh0pdwfklqj

frqglwlrq dqg wkh vprrwk0sdvwlqj frqglwlrq

8�E��c ��� ' T E��� zkhq �� ' �W
3�

� E��� +45,

Y8�E��c ���

Y��

'
YT E���

Y��

zkhq �� ' �W
3�

� E��� 1 +46,

Frqglwlrq +45, vd|v wkdw rq �W� E��� wkh ghflvlrq0pdnhu lv lqgl�huhqw ehwzhhq frqvhuylqj

vshflhv � dqg orvlqj lw> frqglwlrq +46, lpsrvhv wkh htxdolw| ri pdujlqdo +lq ��, fkdqjhv

lq wkh frqwlqxdwlrq ydoxh dqg wkh vwrsslqj ydoxh zkhq �� ' �W� E���1
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Vlqfh T� '
�

T2
/ E�S�/ frqfhuqlqj wkh dedqgrqphqw ri vshflhv 5/ lv dqdorjrxv wr E�D�/ iru

wkh dedqgrqphqw ri vshflhv 4/ zkhq T W

� lv vxevwlwxwhg iru T W

2 1

Ilqdoo|/ wkh grplqdqw vshflhv fkdqjhv zkhqhyhu wkh olqh �� ' �2 lv furvvhg e| wkh

sdlu E��c �2�1 E| v|pphwu|/ zkhq �� ' �2c wkh ixqfwlrqv 8�E��c �2� dqg 82E�2c ��� pxvw eh

htxdo dqg kdyh wkh vdph ghulydwlyhv zlwk uhvshfw wr �� dqg �2 uhvshfwlyho|1 Xvlqj E�f�

dqg E���/ lw iroorzv diwhu vrph pdqlsxodwlrqv wkdw/ dw T� ' T2 ' �/ C�E�� ' C�E�� dqg

YC�E��
YT2

' YC�E��
YT�

1 Wkxv wkhvh wzr frqglwlrqv gr qrw surylgh dq| dgglwlrqdo lqirupdwlrq1

Wr uhfdslwxodwh/ wkh dedqgrqphqw frqglwlrqv lpso| wkuhh htxdwlrqv/ E�e�/ E�D�/ dqg

E�S� c lq wkh wkuhh yduldeohv/ ��/ �2c dqg T W

2 1 Wklv vroyhv wkh sureohp lpsolflwo|1 Wkh frq0

vwdqwv �� dqg �2 duh srvlwlyh +rwkhuzlvh E�e� dqg E�D� frxog qrw eh wuxh vlpxowdqrxvo|,1

Wkh vroxwlrq lv looxvwudwhg lq Iljxuh 4 iru o ' �fH> �� '
�
e
��> k ' f�fe> j2 ' f�f2> dqg

4 ' f� Wkh judsk vkrzv wkh dedqgrqphqw ydoxhv �W2E��� � T W

2 �� iru vshflhv 2 lq wkh

E��c �2� sodqh> d vlplodu orfxv �W3�
� E�2� jlyhv wkh fulwlfdo ydoxh �� ehorz zklfk vshflhv

� lv wr eh dedqgrqhg1 Wkh frqvhuydwlrq uhjlrq lv erxqghg e| wkhvh wzr olqhdu fulwlfdo

iurqwlhuv1 Zkhq erwk vshflhv h{lvw/ vshflhv � lv lq xvh dqg iru hdfk E��c �2� sdlu xqghu

wkh elvhfwlqj olqh/ zkloh vshflhv 2 lv lq xvh iru sdluv deryh wkh elvhfwlqj olqh1

Lq wkh ghwhuplqlvwlf fdvh/ wkh xqh{sorlwhg vshflhv lv dedqgrqhg zlwkrxw dq| ghod|>

wkh fulwlfdo olqhv phujh dqg wkh frqvhuydwlrq duhd ydqlvkhv1 Xqfhuwdlqw| pdnhv dq|

luuhyhuvleoh elrglyhuvlw| orvv frvwo|/ zklfk fuhdwhv d ydoxh wr zdlwlqj dqg frqvhuylqj

ghvslwh wkh idfw wkdw wkh vshflhv duh shuihfw vxevwlwxwhv1

Dw lwv pd{lpxp/ uhdfkhg rq wkh elvhfwlqj olqh/ wkh rswlrq ydoxh uhsuhvhqwv �eI ri

wkh wrwdo ydoxh1 Wkh frqvhuydwlrq duhd uhsuhvhqwv doprvw D�I ri wkh wrwdo vxuidfh ri wkh

judsk/ zklfk phdqv wkdw iru pruh wkdq kdoi wkh srvvleoh uhdol}dwlrqv lw lv ghvludeoh wr

suhvhuyh elrglyhuvlw|1 Wklv prwlydwlrq iru frqvhuydwlrq zrxog eh devhqw zhuh wkh vshflhv

qrw vxevwlwxwdeoh1

Lw lv dovr lqwxlwlyho| fohdu dqg vlpsoh wr vkrz wkdw wkh ydoxh ri elrglyhuvlw| lv gh0

fuhdvlqj lq & dqg lqfuhdvlqj lq j1 Juhdwhu & phdqv kljkhu frvwv= lw lv pruh h{shqvlyh wr

pdlqwdlq elrglyhuvlw| iru d srvvleoh ixwxuh xvh1 Dq lqfuhdvh lq & uhgxfhv wkh frqvhuydwlrq
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Iljxuh 4= Frqvhuydwlrq ghflvlrq= fulwlfdo iurqwlhuv

duhd lq Iljxuh 41

Rq wkh rwkhu kdqg/ zlwk juhdwhu xqfhuwdlqw| +kljkhu j,/ wkh jds ehwzhhq wkh fulwlfdo

iurqwlhuv lv odujhu> wkh fulwlfdo dedqgrqphqw ydoxhv duh ohvv vhyhuh1 Wklv fdq eh vkrzq

xvlqj surriv ri vlplodu lpsdfwv ri yrodwlolw| wkdw dsshdu uhshdwhgo| lq wkh olwhudwxuh

+vhh Gl{lw dqg Slqg|fn/ 4<<7,1 Iru h{dpsoh/ zkhq wkh yduldeoh xqghu vfuxwlq| lv wkh

ghflvlrq wr lqyhvw/ wkh ydoxh ri wkh rswlrq lv jryhuqhg e| d gl�huhqwldo htxdwlrq zklfk

lv irupdoo| lghqwlfdo wr EH�1 Lw lv vkrzq wkdw wkh lqyhvwphqw wkuhvkrog lv orzhu dqg wkh

ydoxh ri wkh rswlrq lv kljkhu zkhq yrodwlolw| lv kljkhu1 Lq htxdwlrq EH� c wkh yduldeoh

xqghu lqyhvwljdwlrq lv qrw wkh lqyhvwphqw wkuhvkrog exw wkh uhodwlyh vshflhv ydoxh T21

Wkh wkuhvkrog ydoxh T W

2 zklfk wuljjhuv wkh dedqgrqphqw ri vshflhv 2 lv wkxv orzhu zkhq

yrodwlolw| lv kljkhu/ zklfk phdqv wkdw wkh �W2 E��� fxuyh kdv d orzhu vorsh lq Iljxuh 41

E| v|pphwu|/ wkh fxuyh fruuhvsrqglqj wr wkh dedqgrqphqw ri vshflhv � kdv d kljkhu

vorsh/ vr wkdw wkh elrglyhuvlw| frqvhuydwlrq }rqh lv odujhu zkhq yrodwlolw| lv kljkhu1 Wkh

lqwxlwlrq iru wklv uhvxow lv dovr fohdu= zkhq yrodwlolw| lv kljkhu/ wkh suredelolw| ri d
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uhyhuvdo lq vshflhv grplqdqfh lv kljkhu> lq rughu wr dyrlg uhjuhwwlqj wkh dedqgrqphqw ri

d vshflhv/ lw lv wkhq ehwwhu wr uhtxluh pruh surqrxqfhg d grplqdqfh ehiruh ohwwlqj wkh

vshflhv glvdsshdu1

Wkh uroh ri ydoxh fruuhodwlrq lv dovr fuxfldo dqg frpsohphqwdu|1 D ylvxdo lqvshfwlrq ri

EH� lqglfdwhv wkdw E� � 4�pxowlsolhv j2> wkxv d ulvh lq 4 kdv wkh vdph lpsdfw dv d gurs lq j�

Zkhq vshflhv ydoxhv whqg wr pryh lq rssrvlwh gluhfwlrqv E4 	 f�/ wkh lpsdfw ri yrodwlolw|

lv dpsol�hg> lqghhg uhyhuvdov lq vshflhv grplqdqfh duh pruh olnho| zkhq wkh fruuhodwlrq

lv qhjdwlyh/ vr wkdw dedqgrqphqw lv ulvnlhu/ zklfk fdoov iru d odujhu frqvhuydwlrq }rqh1

Rq wkh frqwudu|/ zkhq 4 ' �/ wkh frqvhuydwlrq }rqh glvdsshduv dowrjhwkhu ehfdxvh lw lv

fhuwdlq wkdw qr uhyhuvdo zloo hyhu rffxu1

615 Wkh pdujlqdo ydoxh ri elrglyhuvlw|

Vlpsvrq/ Vhgmr dqg Uhlg +4<<9, �qg wkdw wkh ydoxh ri wkh pdujlqdo vshflhv lv ghfuhdvlqj

zlwk wkh qxpehu ri dydlodeoh vshflhv1 Wkh ulfkhu elrglyhuvlw|/ wkh orzhu wkh frqwulexwlrq

ri d jlyhq vshflhv wr wrwdo ydoxh1 Wkh vdph uhvxow rewdlqv khuh1 Lq wkh devhqfh ri

elrglyhuvlw|/ wkh qhw xvh ydoxh T E��� ri wkh vxevlvwlqj vshflhv lv jlyhq e| htxdwlrq +6,1

Wkh pdujlqdo ydoxh ri glyhuvlw| lv wkh dgglwlrqdo ydoxh dfklhyhg li wkh vhfrqg vshflhv lv

lq h{lvwhqfh/ wrxjk xqh{sorlwhg1 Zkhq wkh pdujlqdo vshflhv lv vshflhv 2c lwv pdujlqdo

ydoxh lv8

T62E��c �2� ' 8�E��c �2�� T E��� c �W
2
E��� 	 �2 � ��1 +4:,

Iljxuh 5 jlyhv wkh ydoxhv ri vshflhv � lq wzr flufxpvwdqfhv= lq wkh devhqfh ri elrglyhuvlw|/

zkhq � lv wkh vroh h{lvwlqj vshflhv> dqg lq wkh suhvhqfh ri elrglyhuvlw| zkhq � lv qrw lq xvh

dowkrxjk �� ' �21 Wkh �jxuh pdnhv lw sodlq wkdw/ dowkrxjk vshflhv � dqg 2 duh lghqwlfdo

dqg frxog eh vxevwlwxwhg iru hdfk rwkhu dw qr frvw/ pdlqwdlqlqj wzr ri wkhp surylghv

ohvv dgglwlrqdo ydoxh/ T6�c wkdq pdlqwdlqlqj rqo| rqh/ T 1 Wkxv lq wkh vlwxdwlrq prvw

idyrudeoh wr wkh pdujlqdo vshflhv �c wkdw lv zkhq �� ' ��/ wkh pdujlqdo vshflhv kdv ohvv

8Pdujlqdo ydoxh lv gh�qhg dv qhw ri pdlqwhqdqfh frvw1
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ydoxh wkdq wkh rwkhu vshflhv> lq ohvv idyrudeoh flufxpvwdqfhv qrw uhsuhvhqwhg lq Iljxuh 5/

zkhq �� 	 ��/ wkh uhodwlyh ydoxh ri wkh pdujlqdo vshflhv lv hyhq orzhu> zkhq �� ' �W� E���/

wkh pdujlqdo ydoxh ri vshflhv � lv }hur1

Lw lv vkrzq lq wkh Dsshqgl{ wkdw T62E��c �2� lv ulvlqj dqg frqyh{ lq �21 Wklv fodul�hv

wkh qrwlrq ri pdujlqdo ydoxh1 Rq rqh kdqg/ wkh frqwulexwlrq ri wkh pdujlqdo vshflhv wr

wkh wrwdo ydoxh ri wkh srro lv orzhu wkdq wkh frqwulexwlrq ri rwkhu vshflhv> wklv surshuw|

erughuv wulyldolw| dv wklv lv suhflvho| wkh zd| vshflhv zhuh udqnhg lq wkh �uvw sodfh1 Rq

wkh vhfrqg kdqg/ zlwklq wkh lqwhuydo ryhu zklfk d vshflhv lv pdujlqdo/ lwv pdujlqdo ydoxh

lv ulvlqj dqg frqyh{1 Wklv surshuw| lv olwwoh nqrzq lq wkh frqwh{w ri elrglyhuvlw| dowkrxjk

frqyh{lw| lv nqrzq wr eh dulvlqj lq suhvhqfh ri uhdo rswlrqv1
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Iljxuh 5= Pdujlqdo vshflhv ydoxhv

Lw lv vlpsoh wr vhh wkdw wkhvh uhvxowv dovr rewdlq zkhq wkh qxpehu ri vshflhv h{fhhgv

wzr/ dqg gr qrw uho| rq wkh krprjhqhlw| ri wkh ydoxh ixqfwlrq lq vxuylylqj vshflhv1
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Frqvlghu Sureohp E�� zkhq wkuhh vshflhv duh lq h{lvwhqfh/ dw d gdwh zkhq lw lv rswlpdo wr

ohw rqh ri wkhp glvdsshdu/ vd| vshflhv �1 Vxssrvh zlwkrxw orvv ri jhqhudolw| wkdw vshflhv

� lv lq xvh> wkhq/ e| gh�qlwlrq ri wkh pd{lpl}dwlrq lq E�� c 8 E��c �2c ��� ' 8 E��c �2c f�

dqg 8 E��cfc ��� 	 8 E��c �2c f� � Lw iroorzv wkdw wkh pdujlqdo ydoxh ri vshflhv 6 lv }hur/

T6�E��c �2c ��� � 8 E��c �2c ��� � 8 E��c �2c f� ' fc zkloh wkh pdujlqdo ydoxh ri vshflhv 2

lv srvlwlyh= T62E��c �2c ��� � 8 E��c �2c ��� � 8 E��c fc ��� : f1 Vlplodu dujxphqwv fdq eh

frqvwuxfwhg dw gdwhv rwkhu wkdq dedqgrqphqw gdwhv dqg iru dq| qxpehu ri h{lvwlqj

vshflhv1 Xqxvhg vshflhv sod| wkh uroh ri lqvxudqfh djdlqvw d gurs lq wkh ydoxh ri wkh

vshflhv lq xvh1 Wkh pruh qxphurxv xqxvhg vshflhv/ wkh ohvv ydoxdeoh wkh h{wud lqvxudqfh

fryhudjh surylghg e| wkh pdujlqdo vshflhv1

7 D qrq0krprjhqrxv prgho= qxphulfdo uhvroxwlrq

Wkh krprjhqhlw| ri wkh ydoxh ixqfwlrqv hqdeohg xv wr ghulyh dq dojheudlf vroxwlrq iru

wkh prgho1 Wklv surshuw| rewdlqv xqghu wkh dvvxpswlrq wkdw frqvhuydwlrq frvwv duh sur0

sruwlrqdo wr wkh xvh ydoxh ri wkh vshflhv1 Wklv sursruwlrqdolw| uxohv rxw wrwdo h{wlqfwlrq

ehfdxvh wkh frvw ri pdlqwdlqlqj wkh odvw vshflhv lv dozd|v vpdoohu wkdq lwv ydoxh/ krzhyhu

vpdoo1 Lq pdq| flufxpvwdqfhv/ lw lv pruh uhdolvwlf wr dvvxph wkh frqvhuydwlrq frvw wr eh

lqghshqghqw ri vshflhv ydoxh1

Lq zkdw iroorzv/ zh dvvxph d frqvwdqw frvw � iru pdlqwdlqlqj d vshflhv91 Dv d

uhvxow wkh fxuuhqw qhw xwlolw| ghulyhg iurp h{sorlwlqj d vshflhv pd| eh qhjdwlyh li lwv

xvh ydoxh lv vx!flhqwo| orz= wkh ghflvlrq0pdnhu pxvw frqvlghu wkh rswlrq ri dedqgrqlqj

wkh vroh vxevlvwlqj vshflhv dowrjhwkhu1 Doo rwkhu dvvxpswlrqv ri wkh suhylrxv vhfwlrq duh

pdlqwdlqhg> xqohvv rwkhuzlvh phqwlrqhg/ wkh qrwdwlrq lv wkh vdph1

Zh zloo �uvw ghwhuplqh wkh ydoxh ixqfwlrq dqg wkh rswlpdo glvlqyhvwphqw uxoh zkhq

wkhuh lv rqo| rqh vxuylylqj vshflhv1 Qh{w/ zh zloo hydoxdwh elrglyhuvlw| qxphulfdoo| dqg

fkdudfwhul}h wkh frqvhuydwlrq ghflvlrqv lq suhvhqfh ri wzr vshflhv1 Lw fdq eh dqwlflsdwhg

9
Lw frxog dovr eh dvvxphg wkdw F +yl, @ F.nyl1 Iru h{dpsoh/ surwhfwlrq iurp srdfklqj pd| ehfrph

frvwolhu dv wkh ydoxh ri wkh vshflhv lqfuhdvhv1 Rxu phwkrgrorj| fdq eh dgdswhg wr vxfk d srvvlelolw|1
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wkdw wkh fulwlfdo iurqwlhuv duh qrw olqhdu vlqfh wkh ydoxh ixqfwlrqv duh qrw krprjhqrxv1

714 Wkh odvw vxuylylqj vshflhv

Wkh ydoxh ri d vlqjoh vxuylylqj vshflhv lv wkh h{shfwhg fxpxodwhg glvfrxqwhg ydoxh ri

h{sorlwlqj dqg pdlqwdlqlqj wkh vshflhv xqwlo/ srvvleo|/ lw lv doorzhg wr glvdsshdu1 Vlqfh

� ' �c h{suhvvlrq E�� uhgxfhv wr
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dqg wkh dedqgrqphqw uxoh wdnhv wkh irup ri d fulwlfdo ydoxh �W
�
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	 �/ h{sorlwdwlrq uhwxuqv gr qrw fryhu frqvhuydwlrq frvwv1 Wklv

lv wkh xvxdo uhvxow ri wkh rswlrq ydoxh prgho dssolhg wr wkh sureohp ri dedqgrqphqw

+Euhqqdq dqg Vfkzduw} +4<;8,> Gl{lw +4<;<,,1 Lq wkh dedqgrqphqw }rqh/ suhvhuydwlrq

frvwv duh kljk uhodwlyh wr fxuuhqw dqg h{shfwhg uhwxuqv1 Wkh suredelolw| wkdw wkh ydoxh ri

wkh vshflhv zloo uhfryhu lv vr orz wkdw jlylqj xs wkh srvvlelolw| ri sur�wdeoh xvh lq wkh ix0

wxuh lv d ehwwhu ghflvlrq wkdq h{srvxuh wr khdylhu orvvhv1 Lq dq xqidyrudeoh hqylurqphqw/

frpsohwh h{wlqfwlrq lv ghvludeoh1
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715 Elrglyhuvlw|

Iru dq| qxpehu ri vshflhv deryh rqh/ wkh Ehoopdq htxdwlrq dqdorjrxv wr ED� lv d sduwldo

gl�huhqwldo htxdwlrq wkdw fdqqrw eh vroyhg dqdo|wlfdoo|1 Zh ghvfuleh wkh qxphulfdo

vroxwlrq wr wkh sureohp zkhq wzr vshflhv duh lq h{lvwhqfh1 Udwkhu wkdq vroylqj wkh

Ehoopdq htxdwlrq/ zh frpsxwh d glvfuhwh yhuvlrq ri wkh ydoxh ixqfwlrq 8 E��c �2� gluhfwo|/

xvlqj d elqrpldo dssur{lpdwlrq ri wkh ydoxh surfhvvhv E2� iru j ' f�2 / k ' f�fe/ o ' f�fH

dqg � ' e1

H{suhvvlrq E�H� gh�qhv wkh ydoxh ixqfwlrq lqwr zklfk 8 E��c �2� lv wudqviruphg zkhq

rqh ri wkh wzr vshflhv lv dedqgrqhg1 Vxssrvh wkdw �� : �2c vr wkdw wkh ghflvlrq wr wdnh

lv zkhwkhu ri qrw wr dedqgrq vshflhv 2> wkhq/ lq glvfuhwh wlph/

8� E��c �2� ' 4@ 
U2Mtfc��

.|

�
�

� n >
T E��� (

�

� n >
8� E��c �2�

�
+53,

zkhuh > lv wkh glvfrxqw udwh dsso|lqj ryhu wkh uhohydqw wlph lqwhuydo1 Wkh gl!fxow|

lq wkh deryh pd{lpl}dwlrq lv wkdw/ zkloh wkh dedqgrqphqw dowhuqdwlyh lv nqrzq wr

|lhog T E��� c frqwlqxlqj suhvhuydwlrq |lhogv 8�c zklfk lv xqnqrzq1 Zh rewdlq 8� e|

vxffhvvlyh lwhudwlrqv/ hdfk lwhudwlrqv |lhoglqj dq lpsuryhphqw ryhu wkh suhylrxv dssur{0

lpdwlrq 8 @

� E��c �2�1 Wkh surfhvv ehjlqv dw @ ' f dqg lv whuplqdwhg zkhq wkh lpsuryh0

phqw ehfrphv duelwudulo| vpdoo1 Wkh lqlwldo dssur{lpdwlrq h{sorlwv wkh surshuw| wkdw

8� E��c �2� � T E���> wkxv zh vhw 8 f
� E��c �2� ' T E��� iru d vhw 7 ri srvvleoh ydoxhv ri

E��c �2� jhqhudwhg e| wkh elqrpldo dssur{lpdwlrq ri wkh �� surfhvvhv1 Xvlqj wkdw dssur{0

lpdwlrq iru 8� rq wkh uljkw0kdqg vlgh ri E2f� c lw lv srvvleoh wr frpsxwh wkh h{shfwhg

ydoxhv dqg wr vroyh wkh pd{lpl}dwlrq sureohp1 Wklv jhqhudwhv d ydoxh iru wkh ohiw0kdqg

vlgh/ 8 �
� E��c �2� zklfk lv lq lwv wxuq/ xvhg dv d qhz/ lpsuryhg/ dssur{lpdwlrq1 Suhflvho|

wkh iroorzlqj irupxod lv xvhg uhshdwhgo| vwduwlqj zlwk @ ' f=

8 @n�

� E��c �2� ' 4@ 
U2Mtfc��

.|

�
�

� n >
T E��� (

�

� n >
8 @
� E��c �2�

�
�

Wkh vroxwlrq 8 @n�
� ehfrphv wkh qhz dssur{lpdwlrq wr eh xvhg rq wkh uljkw0kdqg vlgh

lq wkh qh{w vwhs/ dqg wkh surfhvv lv lqwhuuxswhg zkhq wkh qhz ixqfwlrq lv duelwudulo|
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Iljxuh 6= Frqvhuydwlrq ghflvlrq= fulwlfdo iurqwlhuv

forvh wr wkh rog rqh iru doo ydoxhv ri E��c �2� lq 71 Wkh ixqfwlrq 82 E��c �2� c �� 	 �2/ lv

jhqhudwhg lq wkh vdph idvklrq1

Dv ehiruh/ wkh vroxwlrq fdq eh ghvfulehg e| wkh fulwlfdo iurqwlhuv �W�E�2� dqg �W2E���

lq wkh E��c �2� sodqh1 Wkh fxuyh �W
�
E�2� +uhvshfwlyho| �W

�
E�2�, uhsuhvhqwv E��c �2� sdluv dw

zklfk d ulvh lq �2 +d ulvh lq ��, fdxvh wkh vroxwlrq wr wkh pd{lpl}dwlrq lq E2f� wr vzlwfk

iurp frqvhuydwlrq EU� E��c �2� ' �� wr dedqgrqphqw EU� E��c �2� ' f�1 Wkh fxuyhv ruljlq

iurp d frpprq srlqw E�W� ' �Wc �W2 ' �W� rq wkh elvhfwlqj olqh/ wkdw fruuhvsrqgv wr wkh

dedqgrqphqw wkuhvkrogv gh�qhg e| E�b� iru hdfk vshflhv lq wkh devhqfh ri glyhuvlw|1 Iru

doo sdluv E��c �2� ehwzhhq wkh wzr fxuyhv/ elrglyhuvlw| lv suhvhuyhg1 Zkhq erwk �� dqg �2

h{fhhg �W dqg �� � �W� E��� lw lv rswlpdo wr dedqgrq vshflhv �/ zkloh nhhslqj vshflhv � lq

xvh> rwkhuzlvh/ frqvhuydwlrq lv rswlpdo1

Dorqj wkh fulwlfdo erxqgdu| �W� E���/ wkh ydoxh ri �� uhodwlyh wr �� lv ghfuhdvlqj= zkhq

�� lv forvh wr �Wc d vpdoo grplqdqfh ri vshflhv � lv vx!flhqw wr mxvwli| dedqgrqlqj vshflhv
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�> zkhq �� lv kljk/ lw pxvw grplqdwh pruh gh�qlwho| li vshflhv � lv wr eh dedqgrqhg1

Wklv kdsshqv ehfdxvh wkh h{shfwhg orvv ehfrphv kljk uhodwlyh wr wkh frvw vdylqj dv

ydoxhv ehfrph kljk> dq| plvwdnh zrxog eh frvwo| dqg plvwdnhv duh dyrlghg e| dwwulexw0

lqj d kljkhu ydoxh wr wkh dedqgrqphqw rswlrq1 D kljkhu rswlrq ydoxh frpelqhg zlwk

xqfkdqjhg frqvhuydwlrq frvwv pdnh frqvhuydwlrq lqfhqwlyhv vwurqjhu1

Wkh ydoxh ri wkh elrorjlfdo srro kdv wzr frpsrqhqwv1 Rq wkh rqh kdqg/ d kljkhu

ydoxh ri wkh xqh{sorlwhg vshflhv �� eulqjv wkh sdlu E��c �2� forvhu wr htxdolw|1 Lw lv wkhq

pruh olnho| wkdw wkh rswlrq wr vxevwlwxwh vshflhv lq xvh zloo eh h{huflvhg udwkhu wkdq wkh

rswlrq wr uhgxfh glyhuvlw|> wklv lv d vrxufh ri ydoxh iru wkh srro ri vshflhv wkurxjk lwv

elrglyhuvlw| frpsrqhqw1 Rq wkh rwkhu kdqg/ li lw lv wkh ydoxh ri wkh vshflhv lq xvh wkdw

ulvhv/ wkh sdlu E��c �2� jhwv forvhu wr wkh fulwlfdo dedqgrqphqw uhjlrq> wrwdo ydoxh ulvhv/

exw wkh ydoxh ri elrglyhuvlw| glplqlvkhv1

Iljxuh 7 frpsduhv wkh frqvhuydwlrq uxohv xqghu sursruwlrqdo frvwv +suhylrxv vhfwlrq,

dqg xqghu frqvwdqw frvwv1 Dw orz xvh ydoxhv/ frqvhuydwlrq lv pruh olnho| dqg wrwdo

glvdsshdudqfh lv uxohg rxw/ zlwk sursruwlrqdo frvwv> zlwk frqvwdqw frvwv/ frqvhuydwlrq lv

pruh olnho| zkhq xvh ydoxhv duh kljk1

716 Xqfhuwdlqw| dqg ydoxh fruuhodwlrq

D ulvh lq xqfhuwdlqw| ryhu ixwxuh xvh ydoxhv d�hfwv wkh frqvhuydwlrq ghflvlrq lq wzr zd|v1

Iluvw/ wkh fulwlfdo wkuhvkrog �W iru wkh frqvhuydwlrq ri wkh odvw vxuylylqj vshflhv glplq0

lvkhv1 Wklv lv wkh vwdqgdug rswlrq ydoxh uhvxow zkhuhe| wkh rswlrq wr suhvhuyh dqg h{sorlw

d vlqjoh dydlodeoh uhvrxufh jdlqv ydoxh zkhq yrodwlolw| ulvhv/ zklfk pdnhv glvlqyhvwphqw

ohvv dwwudfwlyh1 Vhfrqg/ wkh elrglyhuvlw| frqvhuydwlrq uhjlrq lv odujhu ehfdxvh/ iru dq|

E��c �2� sdlu/ kljkhu yrodwlolw| phdqv wkdw vxevwlwxwlrq ri wkh fxuuhqwo| xvhg vshflhv e|

wkh xqxvhg rqh lv pruh olnho|1 Lq Iljxuh 6/ wkh frpelqdwlrq ri wkhvh wzr h�hfwv ri lq0

fuhdvhg yrodwlolw| lv wkdw wkh srlqw E�W
�
c �W

2
� c iurp zklfk wkh dedqgrqphqw orfl ruljlqdwh

lv vkliwhg wr wkh Vrxwk0Zhvw/ dqg wkdw wkh dedqgrqphqw orfl pdnh pruh rshq dq dqjoh

wkdq dw orzhu yrodwlolw| ohyhov1

53



0 1 2 3 4 5 6 7
0

1

2

3

4

5

6

7

v1

v2

←  v *(-1)
1

(v
2
)

C

 ↓

v*
2
(v

1
)

C

v*(-1)
1

(v
2
)

kv
i

 →

 ↑

v*
2

(v
1
)

kv
i

Iljxuh 7= Ghflvlrq uxohv iru frqvwdqw/ dqg iru sursruwlrqdo/ frqvhuydwlrq frvw

Wkh fruuhodwlrq lq vshflhv* xvh ydoxhv txdol�hv wkh h�hfw ri yrodwlolw|1 Lq wkh devhqfh

ri xqfhuwdlqw|/ wkh dedqgrqphqw orfl frlqflgh dqg/ dowkrxjk frqvhuydwlrq ri rqh vshflhv

pd| eh ghvludeoh/ elrglyhuvlw| lv qhyhu rswlpdo> wkh frh!flhqw ri fruuhodwlrq lv phdq0

lqjohvv vlqfh vshflhv ydoxhv gr qrw fkdqjh1 Xqghu xqfhuwdlqw|/ d srvlwlyh fruuhodwlrq

+4
�2

: f, lqglfdwhv wkdw wkh ydoxhv whqg wr pryh wrjhwkhu> dq lqfuhdvh lq wkh ydoxh ri

rqh vshflhv grhv qrw lpso| wkdw uhodwlyh ydoxhv fkdqjh pxfk/ vr wkdw wkh suredelolw| ri

vxevwlwxwlrq lv qrw yhu| vhqvlwlyh wr ydoxh fkdqjhv1 Zlwk shuihfw srvlwlyh fruuhodwlrq/ wkh

grplqdqw vshflhv zloo uhpdlq grplqdqw iruhyhu vr wkdw elrglyhuvlw| kdv qr ydoxh> lw lv

dozd|v rswlpdo wr dedqgrq wkh xqxvhg vshflhv/ dqg wkh sureohp ri frqvhuydwlrq uhgxfhv

wr d vwdqgdug rqh0yduldeoh uhdo0rswlrqv sureohp ri wkh w|sh douhdg| lqyhvwljdwhg lq wkh

hqylurqphqw olwhudwxuh1

Rq wkh frqwudu| d qhjdwlyh fruuhodwlrq +4
�2
	 f, whqgv wr dpsoli| fkdqjhv lq uhodwlyh

ydoxhv dqg wkh vxevwlwxwlrq suredelolw|1 Iru dq| E��c �2� sdlu/ wkh suredelolw| wkdw wkh

sdlu zloo furvv wkh elvhfwlqj olqh dqg pdnh vxevwlwxwlrq rswlpdo ryhu d jlyhq wlph lqwhuydo
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Iljxuh 8= H�hfw ri fruuhodwlrq rq frqvhuydwlrq

lv kljkhu vr wkdw dedqgrqlqj wkh xqxvhg vshflhv lv pruh olnho| wr eh d plvwdnh wkdq li

4
�2

zdv srvlwlyh1 Dv d uhvxow/ wkh rswlpdo dedqgrqphqw orfl pdnh d zlghu dqjoh/ wkh

orzhu wkh fruuhodwlrq frh!flhqw/ dv vkrzq lq Iljxuh 81

8 Glvfxvvlrq dqg frqfoxvlrq

Wkh qxphulfdo vroxwlrq surfhgxuh wkdw zh kdyh xvhg iru wkh fdvh ri wzr vshflhv fdq eh

jhqhudol}hg wr dq| kljkhu qxpehu ri vshflhv/ |lhoglqj/ iru hdfk qxpehu ri vshflhv/ wkh

ydoxh ri wkh pdujlqdo vshflhv/ wkh dedqgrqphqw uxoh/ dqg wkh wrwdo ydoxh ri wkh elrorjlfdo

srro xqghu lqyhvwljdwlrq1

Dv looxvwudwhg iru wzr vshflhv/ wkh h{whqvlrq surfhgxuh uhtxluhv hvwdeolvklqj wkh ydoxh

ri kroglqj ?� � vshflhv ehiruh wkdw ri kroglqj ? vshflhv1 Lw dovr uhtxluhv nqrzlqj zklfk

vshflhv lv wkh pdujlqdo rqh/ l1h1 wkh fdqglgdwh iru dedqgrqphqw> zkhq wkh surfhvvhv

jryhuqlqj vshflhv ydoxhv duh v|pphwulf/ wkh pdujlqdo vshflhv lv wkh orzhvw0ydoxhg vshflhv>
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zlwk pruh jhqhudo surfhvvhv/ wklv pd| kdyh wr eh yhul�hg qxphulfdoo|1 Lq dq| fdvh/ wkh

ydoxh ri kroglqj ? vshflhv lv erxqghg ehorz e| wkh ydoxh ri kroglqj ?� � vshflhv/ zklfk

surylghv d �uvw dssur{lpdwlrq iru wkh iruphu1 Wklv �uvw dssur{lpdwlrq fdq eh lpsuryhg

xsrq e| vroylqj wkh ?0vshflhv yhuvlrq ri E2f� uhshdwhgo| xqwlo wkh uhpdlqlqj huuru lv

vpdoo hqrxjk wr eh qhjohfwhg1 Lq wkh odvw lwhudwlrq/ wkh vhw ri �� ydoxhv dw zklfk d gurs

lq wkh ydoxh ri wkh pdujlqdo vshflhv ohdgv wr d vzlwfk iurp suhvhuydwlrq wr dedqgrqphqw

lv gh�qhg dv wkh dedqgrqphqw orfxv iru wkdw vshflhv1

Lq h{lvwlqj dqdo|vhv ri vshflhv vxevwlwxwdelolw|/ lw lv dujxhg wkdw/ li vshflhv duh shuihfw

vxevwlwxwhv/ doo vshflhv exw wkh vshflhv lq xvh duh ydoxhohvv ehfdxvh wkh| duh uhgxqgdqw1

Zh kdyh vkrzq wkdw/ rq wkh frqwudu|/ wkh idfw wkdw vshflhv fdq eh vxevwlwxwhg iru rqh

dqrwkhu jlyhv ydoxh wr elrglyhuvlw|= dq xqxvhg vshflhv ghulyhv ydoxh iurp wkh idfw wkdw

lw pljkw/ lq wkh ixwxuh/ eh lq d ehwwhu srvlwlrq wr surylgh wkh vdph surgxfw ru vhuylfh

dv wkh rqh fxuuhqwo| lq xvh1 Wklv uhvxow lv lqwxlwlyho| reylrxv lq d uhdo rswlrqv frqwh{w>

krzhyhu lw fdq rqo| eh pdgh irupdo zlwklq d vhyhudo0vshflhv dqdo|vlv/ zklfk kdv qrw ehhq

surylghg vridu lq wkh uhvrxufh olwhudwxuh1

Ehvlghv pdnlqj wkh frqfhsw ri ghfuhdvlqj pdujlqdo vshflhv ydoxh suhflvh lq wklv elr0

glyhuvlw| frqwh{w/ zh kdyh vkrzq/ lq wkh wzr0vshflhv krprjhqrxv prgho/ wkdw lqfuhdvhg

yrodwlolw| udlvhv elrglyhuvlw| ydoxh dqg wkdw d srvlwlyh fruuhodwlrq ehwzhhq vshflhv ydoxhv

uhgxfhv wkh ydoxh ri erwk wkh srro ri vshflhv dqg elrglyhuvlw|1 Lqwxlwlyh uhdvrqlqj/ dqg

wkh frpsxwdwlrqv pdgh lq wkh qrq krprjhqrxv fdvh/ ohdg xv wr frqmhfwxuh wkdw wkh vdph

uhvxowv krog iru dq| qxpehu ri vshflhv1

Wkh vhfrqg uhvxow/ d qhjdwlyh uhodwlrqvkls ehwzhhq wkh ydoxh ri d vshflhv dqg wkh

fruuhodwlrq ri lwv ydoxh zlwk wkdw ri rwkhu vshflhv/ lv uhplqlvfhqw ri wkh Ehwd ri d �qdqfldo

dvvhw1 Mxvw olnh dq dvvhw zlwk d qhjdwlyh Ehwd ghulyhv dgglwlrqdo ydoxh iurp wkh idfw wkdw

lw fdq surylgh lqvxudqfh djdlqvw  xfwxdwlrqv lq wkh pdunhw sruwirolr/ d vshflhv zkrvh

ydoxh whqgv wr pryh lq wkh rssrvlwh gluhfwlrq dv wkh vshflhv lq xvh ghulyhv dgglwlrqdo

ydoxh iurp lwv kljkhu suredelolw| ri ehlqj dydlodeoh iru vxevwlwxwlrq li wkh ydoxh ri wkh

vshflhv lq xvh glplqlvkhv1

Lq idfw wkhuh lv dovr dq dqdorj| ehwzhhq wkh vlqjoh0dvvhw/ Phdq0yduldqfh prgho dqg
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wkh vlqjoh0dvvhw/ uhdo0rswlrqv prgho rq rqh kdqg/ dqg ehwzhhq wkh vhyhudo0dvvhwv FDSP

prgho dqg wkh pdq|0vshflhv uhdo0rswlrqv prgho rq wkh rwkhu kdqg1 Lq wkh �uvw wzr

lqvwdqfhv yrodwlolw| lv zkdw pdwwhuv> wkh ydoxh ri d �qdqfldo dvvhw lv orzhu/ wkh kljkhu lwv

yduldqfh1 Lq wkh vhfrqg wzr lqvwdqfhv wkh fruuhodwlrq ehwzhhq dvvhwv lv mxvw dv lpsruwdqw

dv wkhlu yrodwlolw|> d orz ehwd/ ru d orz frh!flhqw ri fruuhodwlrq ehwzhhq vshflhv ydoxhv/

lpsuryhv wkh delolw| ri dq dvvhw +zkhwkhu d vshflhv ru d �qdqfldo dvvhw, wr eh xvhg dv

lqvxudqfh/ wkxv jlylqj lw dgglwlrqdo ydoxh1

\hw wkh dqdorj| lv qrw wrwdo1 Lq uhdo rswlrq prghov/ luuhyhuvlelolw| fuhdwhv frqyh{lw|

lq ydoxh/ zklfk h{sodlqv zk| lqfuhdvhg yrodwlolw| phdqv lqfuhdvhg ydoxhv/ zkloh yrodwlolw|

dqg h{shfwhg uhwxuq duh vxevwlwxwhv lq prvw �qdqfldo pdqdjhphqw vlwxdwlrqv1 Dq dvvhw

qhjdwlyho| fruuhodwhg zlwk wkh pdunhw ghulyhv ydoxh iurp wkh idfw wkdw lw fdq eh xvhg

wr olplw ulvn1 D vshflhv zkrvh ydoxh lv qhjdwlyho| fruuhodwhg zlwk wkdw ri lwv vxevwlwxwhv

ghulyhv lwv ydoxh iurp wkh idfw wkdw lw fdq eh xvhg wr vhl}h wkh rssruwxqlwlhv wkdw pd|

dulvh li lw ehfrphv grplqdqw1 Qdwxuh olnhv wr sod| glfhv1

Dsshqgl{= wkh pdujlqdo ydoxh ri elrglyhuvlw|

Ohw vshflhv 2 eh wkh pdujlqdo vshflhv= �W
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Frqvhtxhqwo|/ T62E��c �2� lv lqfuhdvlqj lq �2 dqg uhdfkhv d pd{lpxp dw �� ' �21 E|

v|pphwu|/ d vlplodu surshuw| dssolhv wr vshflhv ��

Uhihuhqfhv

Duurz/ N1 M1 dqg D1 F1 Ilvkhu +4<:7, �Hqylurqphqwdo Suhvhuydwlrq/ Xqfhuwdlqw|/ dqg
Luuhyhuvlelolw|� Txduwhuo| Mrxuqdo ri Hfrqrplfv ;;/ 64504<1

Er|oh/ Skholp S1 +4<;;, �D Odwwlfh Iudphzrun iru Rswlrq Sulflqj zlwk Wzr Vwdwh
Yduldeohv� Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 56+4,/ 40451

Euhqqdq/ P1 M1 dqg H1 V1 Vfkzduw} �Hydoxdwlqj Qdwxudo Uhvrxufh Lqyhvwphqwv� Mrxuqdo
ri Exvlqhvv 8;/ 468048:1

Fklog/ S1G1/ Rww/ V1K1 dqg D1M1 Wuldqwlv +4<<;, �Fdslwdo Exgjhwlqj iru Lqwhuuhodwhg
Surmhfwv= D Uhdo Rswlrqv Dssurdfk� Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv

66+6,/ 6380671

Fr{/ Mrkq F1/ Urvv/ V1 D1 dqg Pdun Uxelqvwhlq +4<:<, �Rswlrq Sulflqj= d Vlpsol�hg
Dssurdfk� Mrxuqdo ri Ilqdqfldo Hfrqrplfv :/ 55<0961

Gdvjxswd/ S1 +5333, �Ydoxlqj Elrglyhuvlw|� lq Hqf|forshgld ri Elrglyhuvlw|/ hg1= V1
Ohylq1 Qhz \run= Dfdghplf Suhvv1

Gl{lw/ Dylqdvk +4<<6, Wkh Duw ri Vprrwk Sdvwlqj1 FKXU= Kduzrrg Dfdghplf Sxeolvk0

huv1

Gl{lw/ D1 dqg U1 V1 Slqg|fn +4<<7, Lqyhvwphqw xqghu Xqfhuwdlqw|1 Sulqfhwrq= Sulqfhwrq
Xqlyhuvlw| Suhvv1

Fudiw/ D1 E1 dqg U1 Gdylg Vlpsvrq +5334, �Wkh Ydoxh ri Elrglyhuvlw| lq Skdupdfhxwlfdo
Uhvhdufk zlwk Gl�huhqwldwhg Surgxfwv� Hqylurqphqwdo dqg Uhvrxufh Hfrqrplfv 4;+4,/
404:1

Ilvkhu Dqwkrq| D1 dqg Plfkdho Z1 Kdqhpdqq +4<;9, �Rswlrq Ydoxh dqg wkh H{wlqfwlrq
ri Vshflhv� Dgydqfhv lq Dssolhg Plfurhfrqrplfv 7/ 49<0<31

Ilvkhu Dqwkrq|1D1 dqg Plfkdho Z1 Kdqhpdqq +4<;:, �Txdvl0Rswlrq Ydoxh= Vrph Plv0
frqfhswlrqv glvshoohg� Mrxuqdo ri Hqylurqphqwdo hfrqrplfv dqg Pdqdjhphqw 47/ 4;60
4<31

Iurpp/ Rolyhu +5333, �Hfrorjlfdo Vwuxfwxuh dqg Ixqfwlrqv ri Elrglyhuvlw| dv Hohphqwv
ri Lwv Wrwdo Hfrqrplf Ydoxh� Hqylurqphqwdo dqg Uhvrxufh Hfrqrplfv 49+6,/ 63605;1

Khqu|/ Fodxgh +4<:7, �Lqyhvwphqw Ghflvlrq Xqghu Xqfhuwdlqw|= Wkh Luuhyhuvlelolw| Hi0
ihfw� Dphulfdq Hfrqrplf Uhylhz 97+9,/ 4339043451

PfGrqdog/ U1 dqg G1 U1 Vlhjho +4<;8, �Lqyhvwphqw dqg Wkh Ydoxdwlrq ri Ilupv Zkhq
Wkhuh lv dq Rswlrq wr Vkxw Grzq� Lqwhuqdwlrqdo Hfrqrplf Uhylhz 59/ 664067<1

Prudq/ Grplqlf dqg Fdploo Edqq +5333, �Wkh Ydoxdwlrq ri Elrorjlfdo Glyhuvlw| iru
Qdwlrqdo Dfwlrqv Sodqv dqg Vwudwhjlhv� Uhsruw suhsduhg iru wkh Xqlwhg Qdwlrqv Hqyl0

urqphqw Surjudp1
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Qruwrq/ Eu|dq +4<;;, �Frpprglw|/ Dphqlw| dqg Prudolw|= wkh Olplwv ri Txdqwl�fdwlrq
lq Ydoxlqj Elrglyhuvlw|� lq Elrglyhuvlw|/ hg1= H1R1Zlovrq1 Zdvklqjwrq/ G1F1= Qdwlrqdo
Dfdghp| Suhvv1

Slqg|fn/ U1 V1 +4<<6, �Lqyhvwphqw ri Xqfhuwdlq Frvw� Mrxuqdo ri Ilqdqfldo Hfrqrplfv

67/ 860:91

Udxvvhu/ Jrugrq1F1 dqg Duwkxu D1 Vpdoo +5333, �Ydoxlqj Uhvhdufk Ohdgv= Elrsurvshfw0
lqj dqg wkh Frqvhuydwlrq ri Jhqhwlf Uhvrxufhv� Mrxuqdo ri srolwlfdo Hfrqrp| 43;+4,/
4:605391

Vlpsvrq/ U1Gdylg +4<<9, �Ydoxdwlrq ri Elrglyhuvlw| iru Xvh lq Qhz Surgxfw Uhvhdufk
lq d Prgho ri Vhtxhqwldo Vhdufk� Glvfxvvlrq Sdshu <925:/ Uhvrxufh iru wkh Ixwxuh/

Zdvklqjwrq/ G1F11

Vlpsvrq/ U1Gdylg dqg Urjhu D1Vhgmr +4<<9, �Lqyhvwphqw lq Elrglyhuvlw| survshfwlqj
dqg Lqfhqwlyhv iru Frqvhuydwlrq� Glvfxvvlrq Sdshu <9247/ Uhvrxufh iru wkh Ixwxuh/ Zdvk0
lqjwrq/ G1F11

Vlpsvrq/ U1Gdylg/ Vhgmr/ Urjhu D1 dqg Mrkq Z1 Uhlg +4<<9, �Ydoxlqj Elrglyhuvlw| iru
Xvh lq Skdupdfhxwlfdo Uhvhdufk� Mrxuqdo ri srolwlfdo Hfrqrp| 437+4,/ 4960;81

Vzdqvrq/ Wlprwk| +4<<7, �Wkh Hfrqrplfv ri H{wlqfwlrq Uhylvlwhg dqg Uhylvhg= D
Jhqhudolvhg Iudphzrun iru wkh Dqdo|vlv ri wkh Sureohpv ri Hqgdqjhuhg Vshflhv dqg
Elrglyhuvlw| Orvvhv� R{irug Hfrqrplf Sdshuv 79/ ;330541

Wuldqwlv/ D1M1 dqg M1 H1 Krgghu +4<<3, �Ydoxlqj Ioh{lelolw| dv d Frpsoh{ Rswlrq� Wkh

Mrxuqdo ri Ilqdqfh [OY/ 87<0981

Wuljhrujlv/ Ohqrv +4<<6, �Wkh Qdwxuh ri rswlrqv Lqwhudfwlrqv dqg wkh Ydoxdwlrq ri Lq0
yhvwphqwv zlwk Pxowlsoh Uhdo Rswlrqv� Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv

5;+4,/ 40531

Zhlw}pdq/ Pduwlq O1 +4<<6, �Zkdw wr suhvhuyhB Dq Dssolfdwlrq ri Glyhuvlw| Wkhru| wr
Fudqh Frqvhuydwlrq� Txduwhuo| Mrxuqdo ri Hfrqrplfv 43;+ihy1,/ 48:0;61

Zhlw}pdq/ Pduwlq O1 +4<<;, �Wkh Qrdk Dun Sureohp� Hfrqrphwulfd 99+9,/ 45:<0<;1

Zhvvhohu/ Mxvwxv +4<<<, �Whpsrudo Xqfhuwdlqw| dqg Luuhyhuvlelolw|= DWkhruhwlfdo Iudph0
zrun iru wkh Ghflvlrq wr Dssuryh wkh Uhohdvh ri Wudqvjhqlf Fursv� lq Wudqvlwlrqv lq

Djelrwhfk= Hfrqrplfv ri Vwudwhj| dqg Srolf|/ hg1 = Zlooldp K1Ohvvhu1
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