CIRANO

Centre interuniversitaire de recherche
en analyse des organisations

Série Scientifique
Scientific Series

97535

Seasonal Time Seriesand
Autocorreation Function Estimation

Hahn Shik Lee, Eric Ghysels,
William R. Bell

Montréal
Octobre 1997



CIRANO

Le CIRANO est une corporation privée a but non lucratif constituée en vertu de la Loi des
compagnies du Québec. Le financement de son infrastructure et de ses activités de recherche
provient des cotisations de ses organisations-membres, d’'une subvention d’infrastructure du
ministere de I'Industrie, du Commerce, de la Science et de la Technologie, de méme que des
subventions et mandats obtenus par ses équipes de recher@drielScientifiquest la
réalisation d’'une des missions que s’est données le CIRANO, soit de développer I'analyse
scientifique des organisations et des comportements stratégiques.

CIRANO is a private non-profit organization incorporated under the Québec Companies
Act. Its infrastructure and research activities are funded through fees paid by member
organizations, an infrastructure grant from the Ministére dedistrie, du Commerce, de

la Science et de la Technologie, and grants and research mandates obtained by its research
teams. Thé&cientific Seriesfulfils one of the missions of CIRANO: to develop the &fien
analysis of organizations and strategic behaviour.

Lesorganisations-partenaires/ The Partner Organizations

+Ecole des Hautes Etudes Commerciales
Ecole Polytechnique

*McGill University

*Université de Montréal

*Université du Québec a Montréal

*Université Laval

*MEQ

*MICST

*Avenor

*Banque Nationale du Canada

*Bell Québec

«Caisse de dépbt et placement du Québec
*Fédération des caisses populaires Desjardins de Montréal et de I'Ouest-du-Québec
*Hydro-Québec

*Raymond, Chabot, Martin, Paré
*Scetauroute

*Société d'électrolyse et de chimie Alcan Ltée
*Téléglobe Canada

+Ville de Montréal

Ce document est publié dans l'intention de rendre accessibles les résultats préliminairgl de la
recherche effectuée au CIRANO, afin de susciter des échanges et des suggestions. Le{ilidées et
les opinions émises sont sous l'unique responsabilité des auteurs, et ne représenfint pas
nécessairement les positions du CIRANO ou de ses partenaires.

This paper presents preliminary research carried out at CIRANO and aims to encourage

discussion and comment. The observations and viewpoints expressed are the sole responsibility

of the authors. They do not necessarily represent positions of CIRANO or its partners.

| SSN 1198-8177



Seasonal Time Series and Autocorrelation
Function Estimation”

Hahn Shik Lee', Eric Ghyselsf, William R. Bell®

Résumé / Abstract

Lorsqu'on calcule une fonction d’autocorrélation, il est normal
d’enlever d’une série la moyenne non conditionnelle. Cette pratique s'applique
également dans le cas des séries saisonniéres. Pourtant, il serait plus logique
d'utiliser des moyennes saisonniéres. Hasza (1980) et Bierens (1993) ont étudié
I'effet de la moyenne sur I'estimation d’une fonction d’autocorrélation pour un
processus avec racine unitaire. Nous examinons le cas de processus avec racines
unitaires saisonnieres. Nos résultats théoriques de distribution asymptotique, de
méme que nos simulations de petits échantillons, démontrent I'importance
d’enlever les moyennes saisonniéres quand on veut identifier proprement les
processus saisonniers.

Time series are demeaned when sample autocorrelation functions
are computed. By the same logic it would seem appealing to remove seasonal
means from seasonal time series before computing sample autocorrelation
functions. Yet, standard practice is only to remove the overall mean and ignore
the possibility of seasonal mean shiftsin the data. Whether or not time series
are seasonally demeaned has very important consequences on the asymptotic
behavior of autocorrelation functions (henceforth ACF). Hasza (1980) and
Bierens (1993) studied the asymptotic properties of the sample ACF of non-
seasonal integrated processes and showed how they depend on the demeaning
of thedata. In thispaper we study the large sample behavior of the ACF when
the data generating processes are seasonal with or without seasonal unit roots.
The effect on the asymptotic distribution of seasonal mean shifts and their
removal is investigated and the practical consequences of these theoretical
developments are also discussed. We also examine the small sample behavior
of ACF estimates through Monte Carlo simulations.
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1 Introduction

Since the work by Box and Jenkins (1976), it is standard practice to analyze the
sample autocorrelation and partial autocorrelation functions in order to identify,
specify and diagnose univariate models for seasonal time series, using the raw, first-
differenced or seasonally-differenced data. Inspection of the characteristics of the
autocorrelation function [henceforth ACF] was later complemented with formal
statistical tests for unit-root nonstationarity. Since the work of Fuller (1976) and
Dickey and Fuller (1979), testing for a zero-frequency unit root has become
commonplace, and the properties of various testing procedures have been widely
discussed. While testing for unit roots at the seasonal frequencies is a relatively
more recent occurrence, it aso has generated considerable interest with the tests
proposed by Hasza and Fuller (1982), Dickey, Hasza and Fuller (1984), Hylleberg,
Engle, Granger and Y 00 (1990), Ghysels, Lee and Noh (1994), among others.

The ACF is typically computed from demeaned data. Yet, seasonal means are
almost never removed before computing the ACF in seasonal time series. It is
perhaps somewhat surprising that the consequences of not removing seasonal mean
shifts on the identification and specification of seasonal time series has hitherto
received little attention. As for non-seasonal processes, Hasza (1980) and Bierens
(1993) investigated the asymptotic properties of the sample ACF of integrated
series, which depend on whether the data were demeaned. We study the large-
sample behavior of the ACF when the data-generating processes are seasonal with
or without seasona unit roots. The effects of varying seasonal means are
investigated, and the practical consequences of these theoretical developments are
also discussed by examining the behavior of the ACFs before and after removing
seasonal means. We show that there are some serious deficiencies in the usual
model identification procedures which rely on simple demeaned data.

The paper is organized as follows. We first study the theoretical properties of the
ACF for seasonal time series. Section 2 discusses the asymptotic distribution of the
sample ACF for seasonal data which contain some roots on the unit circle and/or
different means across different seasons. Section 3 reports the finite sample
behavior of the ACF viaMonte Carlo simulation. Section 4 reports some empirical
results. Section 5 concludes with abrief discussion about the potential implications
of the results for modeling seasonal time series.

2 Asymptotic Distribution of Sample ACF for Seasonal Processes

In applied time series analysis, an investigation of the sample autocorrelation
structure often suggests the identification and specification of empirical models. In
the well-known Box-Jenkins approach, thisideais often used in detecting certain
types of nongtationaritiesin the data. In the first subsection, we discuss the limiting
distribution of the sample autocorrelation function for a general nonstationary
process with unit roots at seasonal frequencies aswell as at the zero frequency. Our



analysis extends the results obtained by Hasza (1980) and Bierens (1993), who
focused exclusively on the zero-frequency properties. The second subsection covers
the case when seasonality in the data is caused by different seasonal means for
different seasons.

2.1 Nonstationary series with some seasonal unit roots

It is well-known that the ACF of a stationary process decays towards zero, whereas
that of a nonstationary process with a unit root at the zero frequency tends to stay
near one. In particular, Hasza (1982) and Bierens (1993) have shown that the
sample ACF for integrated processes converges in probability to one. It is shown
in this paper that the behavior of the sample ACF is quite different from that of the
usual integrated processes when unit roots at the seasonal frequencies are also
present. To clarify this, suppose that we have T observatigns, (y & ,..., Y ), of atime
series process y. The sample ACF at lag k derfgtesi then given by:

P = Zicae NV Y) [ ey -Y)? 2.1)

where k> 1 andy = ZIthlyt/T.1 For an integrated process generated by

Ye = Yeq * U (2.2)

where y follows a martingale difference sequence obeying the conditions for the
functional central limit theorem as, for instance, in Phillips (1987). It has been
shown that the sample autocorrelation function converges in probability to one.
Moreover, for any fixed integer k, Bierens (1993) shows thaf fodefined in
(2.1)2

T@-ty) ~ k{oo? + W(LY - 2W(1)[ W(r)dr + 2[[;W(r)dr]3}
(2.3)
= 2{ [oW(rydr - [[oW(r)dn3),

'The sample autocorrelation coefficidilf ~ has first index one, as it refers
to the Data Generating Process (henceforth DGP) appearing in (2.2), which
corresponds to a first-difference stationary process. In general the first index will
refer to the order of differencing.

2 Note that, when u isii.cs; = 62  and hence the expres$iof in equation
(2.3) reduces to 1.



where ' denotes weak convergence
whileoy = lim, T X, B[k Y25\ qu)?, 0? = lim._E[T Y(E;u)

and W(r) is a standard Brownian motion. Consider now a seasonal time series
process generated by

Yi = Yiaq T U (2.4)

The process in (2.4) contains unit roots at the seasonal frequency and its harmonies
as well as at the zero frequency. The asymptotic distribution of the sample

autocorrelation function at lag dk,

denotedf,, = ) VY Vg0 / >, (y,-¥)%, which is associated with the
DGP in (2.4) is as follows:

T(L-Ty) ~ d{ZLIW (L7 + ogdo?] — 2W,(1)[oW,(r)dr + 2[[oW,(r)dr1}

+ 20T [QW(r)dr — [[oW,(ndn3,

(2.5)
wheresg, = lim, T 4 1 EI(K V250U ), By is defined in analogy with
o and W (r) for i = 1,2,...,d are mutually independent standard Brownian motions.
It is worth noting that (2.5) reduces to the expression in (2.3) when d = 1.
Moreover, the sample ACF converges in probability toamgat lags which are
multiples of d, while for lags k'# dk it converges in distribution to functions of
standard Brownian motions which are with probability one bounded away from
unity.

To compute the sample autocorrelation function, it is standard to remove the overall

mean yof the series. In seasonal time series, however, it is often observed and/or

assumed that the series has different seasonal means. Therefore, it is worth
investigating the behavior of the sample ACF when seasonal means, rather than the
overall mean, are removed in calculating the autocorrelations. Instead of removing

the overall mean, as in (2.1), let us consider the following form of the sample ACF:

o = z:tT:d|<+1(yt VOV a~ Yead ! Ethl(yt V) (2.6)



wherey,” = ¥4 .D_y. andy; = (d/IT)X; ,D,y, with a set of seasonal dummigs D
(thatis, for s=1.2,...,d, D =1iftmodd=sddgd =0 otherwise). We can
derive the asymptotic distribution of the sample ACF in (2.6), which is given in the
following theorem.

Theorem 2.1 : Let the model (2.4) and the associated assumptions for u hold [see
Assumption A.1 in the Appendix]. Then, the asymptotic distribution of the sample
ACF defined in (2.6) is:

T(1-Fa) — Ak {IW (1)2+05/0?] - 2W,(1)[qW,(r)dr + 2[[ oW, (r)dr]%}

= 25 { [oW,(%dr - [[W,(r)dr]?). @.7)

Proof: See Appendix A.

The distributional result in (2.7) reduces again to the expression in (2.3) when d =
1. Hence, Theorem 2.1 shows that the distribution of the sample autocorréjation
defined in (2.6) is different from that ¢f,  in (2.1). It is important to note that the
resulting changes in the asymptotic distribution can be viewed as the replacement
of W,(r) by "demeaned" Brownian motions, s&y; (1) = W,(r) - f(l)Wi(r)dr for
i=2,3,...,d, while only (r) in (2.5) is already in "demeaned” form. The sample
autocorrelatiortf, can be calculated via the OLS estimate of the coeffigjgim

the regression (y. - V) B4 (Y -Y) + €. Hence, removing the overall mean of the
series in calculatinfy,r is equivalent to including a constant term in the regression

of y.4 ONn y. On the other hand, removing the seasonal means is equivalent to
including seasonal dummieg D (s =1,,2,...,d) in the regressign,of 'y, on  (or
using the residuals from the regression of the original series on seasonal dummies
Dy). A constant term affects the distribution theory of the zero-frequency case only,
but not that of all the seasonal frequencies. Seasonal dummies, however, affect the
asymptotic distributions of all the frequencies. Not surprisingly, this is quite similar
to the impact of seasonal dummies in running auxiliary regressions when testing
zero and seasonal frequency unit root hypotheses. See Hylleberg et al. (1990) or
Ghysels et al. (1994) for further details.

According to the Box-Jenkins approach, spikes in the sample ACF that decay very
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slowly at lags which are multiples of the seasonal frequency suggest one should
consider seasonal differencing to induce stationarity. This is appropriate when the
DGP belongs to the class of processes appearing in (2.4). When series have
different seasonal means, however, then deterministic as well as stochastic
seasonality are not removed in the usual computation of the sample ACF. As the
distribution of the sample ACF,,  in (2.6) is different from thaf,pof  in (2.1), the
result in Theorem 2.1 suggests that we need to remove seasonal means in
calculating the autocorrelations of seasonal time series in order to characterize the
stochastic structure of the series.

2.2 Seasonal dummy processes

The observation in the previous subsection that the behavior of the sample ACF is
affected by removing seasonal means in calculating the sample ACF has more
practical relevance when the series under consideration displays strong seasonal
fluctuations which are mainly caused by deterministic seasonal dummies. In this
subsection, we consider the behavior of the sample ACF for the DGP which exhibit
seasonality due to seasonal mean shifts. Namely, suppose that a seasonal time series
is generated by:

y, = X9.8D, + U, (2.8)

where [ is a set of seasonal dummigsy# o (for at least some0d,k

s = Og,q (for s =1,...,d), and,u satisfies the regularity conditions appearing in the
Appendix and is therefore not necessarily seasonal in nature. As the DGP in (2.8)
exhibits seasonal fluctuations the usual sample ACF will display slowly decaying
peaks at the seasonal lags. These peaks would disappear when seasonal means are
removed in calculating the autocorrelations, as seasonal dummies are the main cause
of seasonality. Let us first look at the standard situation where no seasonal means
are removed. For the sake of simplicity let us assume that u is a sequence of i.i.d.
series with mean zero and variange Then it is easy to show that when k is a

multiple of d, i.e., k = dj (for any4 0):



P ¥,(,-8, )%2d + o

a-t)- . (2.9)
K 5k ot (523 4dY

Fork=dj, i.e., when kis a multiple of d, the first term in the numerator vanishes as, , g
Consequently, (2.9) reduces to

p
@ - ty) - o [XL,62/d+6>~ (X9 ,5/d)]. (2.10)

The expression in (2.10) shows that the sample ACF may result in significantly
larger values depending on the values 6find$_, and that autocorrelations will
display some spikes at seasonal lags. Thus, the sample ACF appears not to reflect
the "stochastic" correlation of the series, which would be zero when u is i.i.d.
However, when seasonal means are removed in calculating the sample ACF, as in
(2.6), it is expected that the autocorrelation structure of the series would be
consistent with its stochastic nature. Indeed, it can be shown that

p
f. - O forallk, (2.11)

wheref, is defined as in (2.6) with d=1. This result is consistent with the fact that
u, is i.i.d. Hence, when seasonal means are removed, the sample ACF would usually
have small values for any k. This resultimplies that the seasonal peaks prgsent in
disappear when seasonal means are removed in calculating the sample ACF of the
series (2.8). It was noted in Ghysels, Lee and Noh (1994) that the inclusion of
seasonal dummies has important consequences for testing for seasonal unit roots.
The comparison between (2.10) and (2.11) suggests that similar arguments should
be made regarding the sample ACF whenever it is used as a tool to identify seasonal
time series.



In the remainder of this section we will generalize and formalize the arguments
made so far. More specifically, let us assume that u follows a martingale difference
sequence as specified in Theorem 2.1. The behavior of the sample ACF would
depend in such cases on the autocorrelation structure of the u process. For example,
consider for instance a stationary process generated by

u = C(L)e, = X Ce (2.12)

t

Whererio|Cj|<oo anck, is ani.i.d. sequence with mean zero and vaﬁénce The
following theorem shows the asymptotic behavior of the sample ACFs when
seasonal means are removed, as defined in (2.1), and are not removed, as defined
in (2.6).

Theorem 2.2: Suppose the data are generated by a DGP as in (2.8) together with the
implicitly defined autocorrelation structure appearing in (2.12). Then, for the ACF
without seasonal means removed one has:

E) Eg:l(as - Ss—k)Z/Zd + 03(1 )

(1 -7y (2.13)
Yo 1deld + ol - (T 43 /d)
d d 2
. P X, 88, A+ - (X, 84d)
Py
O xd kd oy - (B2, 5JdY
while, in contrast, for the seasonally demeaned ACF:
f, - p, for all k (2.14)



wherep, = A, /A, with A, = E(4y, ).
Proof: See Appendix A.

For k:djpthe result (2.13) can be rewritten as
(L-Py) = AL p 1 [E0, 830 + 0 — (Z2, /0.

s=1Vs

which indicates that the sample ACE;, ~ would show some peaks at seasonal lags
even if the y process reveals no seasonality. These peaks in the sample ACF due
to different seasonal means may be amplified when the u process also features
seasonal autocorrelation. The behavior of the seasonally demeane&iyf ACF  only
depends on the autocorrelation structure ,of u, regardless of the magnitude of
deterministic seasonal variations in y. Hence, the sample ACF shows no
seasonal peaks unless the stochastic component u of the series y displays seasonal
fluctuations which eventually decay because of stationarity.

The results in Theorem 2.2 have important consequences for the usual model
identification approach proposed by Box and Jenkins (1976). That is, the Box-
Jenkins approach based on the usual sample ACF would suggest a seasonal
differencing filter even when seasonal variations are mainly due to seasonal
dummies as in.8). It also suggests that it would be more sensible to remove
seasonal means, rather than the overall mean, whenever one uses the sample
autocorrelation structure to examine and identify seasonal time series.

The type of time series process that has more practical relevance would be the one
generated by

Ay, = X28D, + u.

As this process contains a unit root at the zero frequency, it can easily be shown that
both the usual sample ACF and the seasonal-mean-adjusted ACF converge in
probability to one, which suggests that the first-difference filter is required to induce
stationarity. In this case, the discussion about different seasonal means can be used
to appropriately filtered data.



3 Finite Sample Behavior of Autocorrelated Functions

In this section we study the finite sample properties of the ACF via Monte Carlo
simulation. We investigated both monthly and quarterly data generating processes,
but report only the quarterly case because the monthly results were not surprisingly
quite similar. Tables B.1 and B.2 appearing in Appendix B contain the mean,
median as well as the 5%, 10%, 90% and 95% percentiles of the simulated
distributions of the two different versions of the sample AEfs  fgnd  fork =
1,2,3 and 4. Data were generated for the DGP appearing in (2.4) for d = 4 with i.i.d.
N(0, 1) innovations. Hence we studied pure seasonal random walk processes. We
also examined white noise processes with seasonal mean shifts. For the former
seasonal differencing yields an ACF with theoretical values zero while for the latter
removing seasonal dummies does the same. The seasonal means for the process in
(2.8) were set at -1, 1, -1, and 1, and hence the series also has an overall mean zero.
All simulations involved 10,000 replications using samples of sizes 10, 20, 30, 40
and 100 years of quarterly data. Because of certain repetitiveness we report only the
10, 20 and 100 years sample results.

Table B.1 summarizes the simulation results for the DGP specified in (2.4) where
the process contains unit roots at the seasonal frequencies as well as at the zero
frequency. The striking result emerging from Table B.1 is that the ACF with
seasonal means removed, ifg, has for k = 1,2,3 (i.e., non-seasonal lags) a
distribution which is symmetric and centered around zero. When seasonal means
are not removed, very different results emerge. Indeed, the distributign of s
centered around -0.17 with a long left-tail, and hence is not symmetric. Hence, not
removing seasonal means results in a strong negative bias in the ACF at non-
seasonal lags. For k =4, we find thigt  is downward biased relatfye to . Yet,
in moderate to large samples, the difference does not appear to be large. As the
estimated ACF tends to follow the behavior of the theoretical ACF, the computed
values of the sample ACF can be used to detect the presence of certain unit roots,
which complements the outcome of the test results for seasonal unit roots, and hence
to suggest appropriate model specification. Overall the simulations confirm that the
asymptotic results in (2.5) and (2.7) hold for small and moderate sample sizes.

The distributional properties of the sample ACF for seasonal dummy models are
reported in Table B.2. In this case, while the behavior of the sample ACF depends
on the autocorrelation structure gf u process, the usual form of the sample ACF
displays strong spikes which decay very slowly at the seasonal lags. These seasonal
spikes disappear when seasonal means are removed in calculating the

9



autocorrelations, which is expected from the result in Theorem 2.2. In this case, it
would be more sensible to remove seasona means when we use the sample
autocorrelation structure for the model identification and specification.

4 Concluding Remarks

Seasond fluctuations are an important source of variation in economic time series,
and part of the increasing interest in the treatment of seasonality in economic time
series has focused on detecting the presence of unit roots at some of the seasonal
frequencies aswell as at the zero frequency. Y et, no clear view has emerged out of
the ongoing debates on the model specification for seasonal time series. One
objective of this paper is to discuss what classes of seasonal processes are
responsible for the seasonality in most economic time series data, and hence to
improve our understanding of seasonality and to capture it in a statistical mode!.

In this paper, we discuss the issues concerning the model identification approach to
seasonal time seriesdata. Wefirst investigate theoretical and practical issues on the
behavior of the sample ACF in seasonal time series. In particular, two types of
DGPs are considered, namely: when the process contains some roots on the unit
circle, and when the process has different seasonal means.

10
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APPENDI X A: Proof of Theorems

In order to prove Theorems 2.1 and 2.2, we shall assume the following regularity
conditions given in Bierens (1993), namély:

Assumption A.1

€)) E(u) = 0 for all t.
(b)  sup E(u)’ < = for somep > 4.

©  o® = lim E[T XX ,u)] exists ands? > 0.
Tooo

d)  {u}] is a-mixing with X7 ja(s} *P <

Proof of Theorem 2.1

Under the definition of ,, in (2.6), we have

ZtT:dk+1(yt - 37ts) (A zfdk)]

T(-rg) - Tk D
Etzl(yt_yt )

_ _ _ _
Ethl(Yt V) - Z;r:dk+1ytyt—dk + EtT:dk+1Yt Yea * Z;r:dkﬂyt—dkyts - EtT:dkAyt ]

B T[ T —S\2
thl(yt_yt )

3The results in Theorem 2.1 and 2.2 hold true under similar conditions, as
given in Assumption 2.1 of Phillips (1987).

13



Since ZtT:thSZ EOIAVAVASS %221)752, the denominator of the above expression
becomes

DN (VRS D SUYA —%Eglyf, while the numerator can be rewritten as

EtT:1Yt2 - ZtT:dk+1ytyt—dk - 22:1373[( Vst Yacdes) * Vroaees t-+ Yroaed)]

+ kzg:lysz - (y12 te. +dek) + ZtT:dk+1yt (yt —yt,dk) - 22:1)73[()/3 o +ydk,d+5)

_g
V7 dkest o Yral kzg:lyt

Noting that T Yy +..+yg) - 0 and T¥%(y_+..+y, 4.) - 0, the above
expression can be written as

T(1-fg) = 0,(1) +

T 7122—:dk+1yt Y Yead - T 7122:1)73(yT—dk+s et Y t T 71@2:13732 (A1)
T 722;I-:1yt2 - %T 7122:1)72

S

The asymptotic distribution of the sample ACF in (2.7) can now be derived by using
the results on the limiting distribution of the terms in (A.1), [see Chan and Wei
(1988)], namely:

onT 2 o’ wd p1
T2y - EES:lfO W(r)?dr (A.2)

2

2 )
T Yead ~ pKElW(F + ] (A3)
(¢
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Tmzys . %folws(r)zdr for s=1,...d (A.4)

T 71/2y

() .
s ﬁWS(l) for j=1,..k and s=1,..d. (A.5)

Remark: It is worth noting that the expression in (2.7) is similar to the limiting

distribution ofn(&ud - 1) in Theorem 1 of Dickey, Hasza and Fuller (1984), except

for the term-2W,(1) lV\/i(r)dr in the numerator. This term appears hefg as IS
. 0 . ~ . .

obtained from the regression Qfy any, whilg, is from the regressign of y on

Yid

Proof of Theorem 2.2

Similarly to the proof of Theorem 2.1, the distributional results in (2.13) and (2.14)
can be derived by using the following relations for the time series generated by
(2.8):

P . d
)7 - % )Y 85
sl (A.6)
_p
yS - 85
(A.7)
ER el 1 d
T X, YiYik ™ azs:l Og0g y + My
(A.8)
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APPENDI X B: Simulation Results

Table B.1: Monte Carlo Simulations Autocorrelation Functions
DGP: Seasonal Unit Root Process

~ ~ K ~ ¥ ~ ~ K ~ ¥ ~ ~ K

41 r41 r42 r42 r43 r43

10 years

Mean -0.18 -000 -0.17 001 -018 000 075 052 056 0.18
5% -065 -043 -077 -054 -061 -039 058 029 030 -0.06
10% -054 -033 -069 -044 -051 -030 064 036 037 -0.00
50% -013 000 -022 002 -013 001 o077 053 059 020
90% 009 033 04 04 008 029 08 065 071 033
9%% 017 043 058 05 015 039 087 068 073 036

20 years
Mean -0.17 000 -017 000 -017 000 087 074 075 052
5% -064 -043 -078 -055 -062 -041 077 061 058 0.32
10% -054 -033 -0.72 -047 -054 -031 080 065 063 038
50% -012 000 -020 000 -013 000 088 075 077 054
0% 010 032 044 046 010 031 092 08 08 065
9%5% 019 043 058 057 019 041 093 084 086 067

100 years

Mean -0.17 000 -015 001 -017 001 097 094 095 089
5% -066 -043 -079 -055 -065 -042 09 091 09 0.83
10% -055 -033 -071 -047 -055 -032 096 092 092 085
50% -012 000 -020 001 -012 000 097 095 09 090
90% 012 035 048 049 012 035 098 09% 097 093
%% 020 043 064 057 020 042 099 097 097 093

Notes: The data generating processis:. y, =V,, + U, where y isi.i.d. standard normal. The
Monte Carlo simulations involved 10000 replications. The autocorrelationst,,, k =1, 2,
3, 4 and 8 are defined in (2.1) and use the unconditional sample mean while the r),
autocorrelations involve seasonal means. They are defined in (2.6). Entriesto the table
are the Monte Carlo distribution mean and percentiles.
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Table B.2: Monte Carlo Simulations Autocorrelation Functions
DGP: Seasonal Dummies Process

A K

-
—
N
sy
-
-

A K ~ A K
a1 42 M40 Fy3 T43

10 years

Mean -050 -000 046 -001 -047 000 044 -010 039 -010
5% -069 -027 024 -026 -066 -026 022 -033 019 -0.32
10% -065 -021 029 -020 -062 -020 027 -029 024 -026
50% -051 000 046 -001 -048 000 045 -010 039 -010
90% -033 020 061 018 -031 021 059 009 053 0.08
%% -029 026 065 025 -025 026 062 014 056 013

20 years
Mean -050 000 048 000 -048 000 047 -005 045 -0.05
5% -064 -020 033 -018 -062 -018 032 -023 030 -0.22
10% -061 -015 037 -013 -059 -014 035 -019 034 -018
50% -051 000 049 000 -049 000 048 -005 045 -0.05
90% -0.38 0.15 0.59 0.14 -0.37 014 0.58 0.09 0.55 0.09

9%5% -035 019 062 019 -034 018 061 013 058 0.12

100 years
Mean -050 000 050 000 -050 000 049 000 049 -001
5% -0.56 -0.08 043 -0.08 -056 -0.08 043 -0.09 042 -0.09
10% -055 -006 045 -006 -055 -006 044 -007 044 -0.07
50% -0.50 0.00 0.50 0.00 -0.50 0.00 0.49 -0.01 0.50 -0.01
90% -045 006 054 006 -045 006 054 005 054 0.06

95% -044 0.08 0.56 0.08 -0.43 0.08 0.56 0.07 0.55 0.07

Notes: The data generating process is y, = Egzléstﬁ u, where u, is i.i.d. standard
normal. The seasonal mean shiftsared,=-1fors=1,3and §,=1for s=2,4. The Monte
Carlo simulations involved 10000 replications. The autocorrelationst,, k =1, 2, 3, 4 and
8 are defined in (2.1) and use the unconditional sample mean whilethe r,, autocorrelations
involve seasonal means. They are defined in (2.6). Entriesto the table are the Monte Carlo
distribution mean and percentiles.
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